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Abstract. We study the spectral projection associated to a barrier-top resonance for the 
semiclassical Schrodinger operator. First, we prove a resolvent estimate for complex energies 
close to such a resonance. Using that estimate and an explicit representation of the resonant 
states, we show that the spectral projection has a semiclassical expansion in integer powers of 
h, and compute its leading term. We use this result to compute the residue of the scattering 
amplitude at such a resonance. Eventually, we give an expansion for large times of the 
Schrodinger group in terms of these resonances. 
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1. Introduction 

In this paper, we study the behavior of different physical quantities at the resonances gen- 
erated by the maximum of the potential of a semiclassical Schrodinger operator. In particular, 
we show quantitatively to what extent the presence of these resonances drives the behavior 
of the scattering amplitude and of the Schrodinger group. 

The resonances generated by the maximum point of the potential (usually called barrier- 
top resonances) have been studied by Briet, Combes and Duclos [H [5] and Sjostrand [35] . 
These authors have given a precise description of the resonances in any disc of size h centered 
at the maximum of the potential. In particular, they have shown that the resonances lie at 
distance of order h from the real axis, which is in very strong contrast to the case of shape 
resonances (the well in the island case), with exponentially small imaginary part (see Helffer 
and Sjostrand [2Q]). The description of resonances in larger discs of size , 6 G]0, 1] has 
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been obtained by Kaidi and Kerdelhue |25j under a diophantine condition. For small discs of 
size one, this question has been treated in the one dimensional case by the third author [34] 
with the complex WKB method. In the two dimensional case, the resonances in discs of size 
one have also been considered by Hitrik, Sjostrand and Vii Ngoc |21j (see also the references 
in this paper). Here, we consider only the resonances at distance h of the maximum of the 
potential and we recall their precise localization in Section [2l 

Resonances can be defined as the poles of the meromorphic continuation of the cut-off re- 
solvent (see e.g. Hunziker [22]). The generalized spectral projection associated to a resonance 
is defined as the residue of the resolvent at this pole: 

as an operator from L'^^^p to Lf^^. If z were an isolated eigenvalue, this formula would 
give the usual spectral projection. Many physical quantities can be expressed in terms of 
these generalized spectral projections. In the case of shape resonances, their semiclassical 
expansion has been computed by Helffer and Sjostrand in [20]. In Section U] below, we obtain 
the semiclassical expansion of the generalized spectral projection for barrier-top resonances. 
Since the resonances in the present case have a much larger imaginary part, our result is very 
different from that of the shape resonance case. 

Resonances appear also in scattering theory (they are called scattering poles in this con- 
text). In [28], Lax and Phillips have shown that they coincide with the poles of the meromor- 
phic extension of the scattering amplitude. This result, proved for the wave equation in the 
exterior of a compact obstacle, was extended by Gerard and Martinez [13] to the long range 
case for the Schrodinger equation (see also the references in this paper for earlier works). For 
shape resonances, the residue of the scattering amplitude was calculated in the semiclassical 
limit by Nakamura \31\ [32] , Lahmar-Benbernou [26] and Lahmar-Benbernou and Martinez 
|27j . More generally, upper bounds on the residues of the scattering amplitude have been ob- 
tained by Stefanov [38] (in the compact support case) and Michel [30] (in the long range case) 
for resonances very close to the real axis. In Section [5l we give the semiclassical expansion of 
the residues of the scattering amplitude for barrier-top resonances and we will see that these 
upper bounds do not hold in the present setting. 

It is commonly believed that resonances play also a crucial role in quantum dynamics. 
Indeed, it is sometimes possible to describe the long time evolution of the cut-off propagator 
(for example, the Schrodinger or wave group) in term of the resonances. Typically, if the 
resonances are simple, the propagator e~**'^ truncated by x S satisfies 

Xe~**^X = ^~^^^X^zX + remainder term. 

z resonance of P 

Here, H^, is the generalized spectral projection defined previously. Such a formula generalizes 
the Poisson formula, valid for the operators with discrete spectrum. The resonance expansion 
of the wave group was first obtained by Lax and Phillips [28j in the exterior of a star-shaped 
obstacle. This result has been generalized, using various techniques, to different non trapping 
situations (see e.g. Vainberg [51] and the references of the second edition of the book [28j). 
The trapping situations have been treated by Tang and Zworski [50] and Burq and Zworski 
[6] for very large times. On the other hand, the time evolution of the quasiresonant states 
(sorts of quasimodes) has been studied by Gerard and Sigal [H]. A specific study of the 
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Schrodinger group for the shape resonances created by a weh in a island has been made by 
Nakamura, Stefanov and Zworski [33]. There are also some works concerning the situation 
of a hyperbolic trapped set. We refer to the work of Christiansen and Zworski [8] for the 
wave equation on the modular surface and on the hyperbolic cylinder, and to the work of 
Guillarmou and Naud [16] for the wave equation on convex co-compact hyperbolic manifolds. 
Section [6] is devoted to the computation of the asymptotic behavior for large time of the 
Schrodinger group localized in energies close to the maximum of the potential. 

For the proof of the different results of this paper, we use an estimate of the distorted 
resolvent around the resonances, polynomial with respect to h~^. Indeed, such a bound allows 
to apply the semiclassical microlocal calculus. This estimate is established in Section [3j To 
prove it, we proceed as in [2] and use the method developed by Martinez [29], Sjostrand 
|36j and Tang and Zworski [39]. Similar bounds around the resonances are already known 
in various situations (see e.g. Gerard [12] for two strictly convex obstacles, Michel and the 
first author [^ in the one dimensional case). Note that, in our setting, a limiting absorption 
principle have been proved in [1]. 



2. Assumptions and resonances 



We consider the semiclassical Schrodinger operator on M", n > 1, 
(2.1) P = -h'^A + V{x), 

where F is a smooth real-valued function. We denote by p{x,^) = + V{x) the associated 
classical Hamiltonian. The vector field 

Hp = d^p ■ - dxP ■ d^ = 2i-d,j,- VV{x) ■ d^, 

is the Hamiltonian vector field associated to p. Integral curves t i— > exp(tHp){x,^) of Hp are 
called classical trajectories or bicharacteristic curves, and p is constant along such curves. 
The trapped set at energy E for P is defined as 

K{E) = {{x,C) G p'^iE); ex.p{tHp){x,^) 7^ oo as t ^ ±00}, 

We shall suppose that V satisfies the following assumptions 

(HI) V € C°°(M";M) extends holomorphically in the sector 

S = {x£ C"; |Imx| < 6{x)}, 

for some 6 > 0. Moreover V{x) — > as x — > 00 in 5. 

(H2) V has a non-degenerate maximum at x = and 

n ^2 

Vix) = Eo-^^x^j+Oix'), 
i=i 

with £"0 > and < Ai < A2 < • • • < A„. 

(H3) The trapped set at energy Eq is K{Eo) = {(0,0)}. 

Notice that |(H3) ensures that x = is the unique global maximum for V. Moreover, there 
exists a pointed neighborhood of Eq in which all the energy levels are non trapping. In 
the following, {^k)k>o denote the strictly increasing sequence of linear combinations over 
N = {0, 1,2,.. .} of the Aj's. In particular, = and /xi = Ai. 
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The linearization Fp at (0, 0) of the Hamilton vector field Hp is given by 

2Id 



idiag(A?,...,A2) 



\ 2 

and has eigenvalues — A„, . . . , — Ai, Ai, . . . , A„. Thus (0, 0) is a hyperbolic fixed point for Hp 
and the stable/unstable manifold theorem gives the existence of a stable incoming Lagrangian 
manifold A_ and a stable outgoing Lagrangian manifold A_|_ characterized by 

A± = G r*M"; exp(tFp)(x,0 ^ (0,0) as t too} C p~^{Eo). 

Moreover, there exist two smooth functions (p±, defined in a vicinity of 0, satisfying 

" A- 

i=i 

and such that A.± = Ai^^ := {(x,^); 5^ = Vip±{x)} near (0,0). Since P is a Schrodinger 
operator, we have = —92+. 

Under the previous assumptions, the operator P is self-adjoint with domain lf^(M"'), and 
we define the set Res(P) of resonances for P as follows (see |22]). Let iZo > be a large 
constant, and let F : M" be a smooth vector field, such that F{x) = for |x| < Rq and 

F{x) = X for |x| > i?o + 1- For /i G M smaU enough, we denote : L^{W-) L^{W^) the 
unitary operator defined by 

(2.2) U^^{x) = I det(l + ndF{x))\^^^^{x + fiF{x)), 

for if £ Cq^{W^). Then the operator U^P{Up_)~^ is a differential operator with analytic 
coefficients with respect to fi, and can be analytically continued to small enough complex 
values of /.t. For G R small enough, we denote 

(2.3) Pe = U,eP{Uier\ 

The spectrum of Pg is discrete in £g = {z £ C; —26< aigz < 0}, and the resonances of P 
are by definition the eigenvalues of Pq in £0. We denote their set by Res(P). The multiplicity 
of a resonance is the rank of the spectral projection 

n.,, = --^ (f{Pe-cr'dc, 

2'ivr 

where 7 is a small enough closed path around the resonance z. The resonances, as well as 
their multiplicity, do not depend on 9 and F. As a matter of fact, the resonances are also 
the poles of the meromorphic extension from the upper complex half-plane of the resolvent 
(P - z)-i : L2„^p(M") ^ LL(M") (see e.g. M)- 

In the present setting, Sjostrand [35] has given a precise description of the set of reso- 
nances in any disc D{EQ,Ch) of center Eq and radius Ch. This result has also been proved 
simultaneously by Briet, Combes and Duclos [5] under a slightly stronger hypothesis (a virial 
assumption). 

Theorem 2.1 (Sjostrand). Assume pn)}|(H3)[ Let C > he different from X]"=i(«i + ^)Aj 
for all a G N". Then, for h > small enough, there exists a bijection between the sets 
Reso(P) n D{Eo, Ch) and Res(P) n D{Eo, Ch), where 

Reso(P) = =Eo-ihY^ ("j + 2)^^; a G N"}, 
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such that bh{z) — z = oQi). 

In particular, the number of resonances in any disk D{Eq, Ch) is uniformly bounded with 
respect to h. For £ Reso(-P), we denote Za = bh{z'^). 

Definition 2.2. We shall say that z^ £ Reso(i^) is simple if z\ = z^ implies a = (3. 

Remark 2.3. If z^ E Reso(-P) is simple, the corresponding resonance Za is simple for h small 
enough and Proposition 0.3 of ^5] proves that Za has a complete asymptotic expansion in 
powers of h. 

Remark 2.4. The analyticity ofV in a full neighborhood of M" is used only for the localiza- 
tion of the resonances. Indeed, if the conclusions of Theorem \2.1\ and Remark \2.3\ hold for V 
smooth and analytic outside of a compact set, then the results of this paper still apply under 
this weaker assumption. 

The semiclassical pseudodifferential calculus is a tool used throughout this paper, and we 
fix here some notations. We refer to [H] for more details. For m{x, £,,h) > an order function 
and 6 > 0, we say that a function a{x,^,h) G C°°(T*]R") is a symbol of class Sf^{m) when, 
for ah a G N^", 

\d^,^a{x,^,h)\<h-'\-\m{x,^,h). 
If a G 5^(m), the semiclassical pseudodifferential operator Op(a) with symbol a is defined by 

(Op(a)^)(x) = ^^ jj e^i^~yy^l'^a[^,i,h)^{y)dydi, 

for ah if G Co°(M"). We denote by ^'^(m) the space of operators Op(5^(m)). 

The rest of this paper is organized as follows. In Section [3l we prove a resolvent estimate in 
the complex plane that we use in all the rest of the paper. Then, in Section |H we compute the 
spectral projection associated to a resonance. In section[5l we give the asymptotic expansion of 
the residue of the scattering amplitude at a simple resonance for long range potentials. Section 
[6] is devoted to the computation of the asymptotic behavior for large t of the Schrodinger 
group g-^^P/^^ where the spectral projection appears naturally. At last, we have placed in 
Appendix [X] some geometrical considerations about Hamiltonian curves in a neighborhood of 
the hyperbolic fixed point, that we need in Section HI 



3. Resolvent estimate 



In this section, we prove a polynomial estimate for the resolvent of the distorted operator 
Pg around the resonances. This estimate is used throughout the paper to control remainder 
terms. More precisely, we prove the following result. 



Theorem 3.1 (Resolvent estimate). Assume (HI) (113) There exists e > such that, for 
all C > and h small enough, 

i) The operator P has no resonances in 

[Eo -e,Eo + e]+ i[-Ch, 0] \ D{Eo, 2Ch). 

ii) Assume 6 = vh\ In h\ with > 0. Then, there exists K > {) such that 
(3.1) \\{Pe-zr^\\<h-'' n \z-Zc.\-\ 

Za 6Res(P)nD (Eo ,2C/i) 
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for all z e[Eo- e, Eq + e] + i[-Ch, Ch]. 

In particular, the previous theorem states that all the resonances in [£"0 — e,Eo + e] + 
i[—Ch,0] are those given by Theorem 12.11 The rest of this section is devoted to the proof of 
Theorem 13.11 We follow the approach of Tang and Zworski [39] and we use the constructions 
of [2j Section 4], where the propagation of singularities through a hyperbolic fixed point is 
studied, and of [U Section 3], where a sharp estimate for the weighted resolvent for real 
energies is given. 

3.1. Definition of a weighted operator Q^. 

The distorted operator Pg defined in ()2.3p is a differential operator of order 2 whose symbol 
Pe £ S'/1{1) satisfies 

(3.2) pe{x, ^, h) = pe,o{x, + hpe,i{x, C) + h^pe,2{x, C), 
with Pe,, G ^^((O^) and 

PB,o{x,i) = p{x + iOFix), (1 + i9\dF{x)))-^^). 
We write the Taylor expansion oi P0,q{x,^) with respect to 9 as 

(3.3) pe,o{x, = P{x, - iOq{x, + 9\{x, C, 9), q{x, = {p{x, 0, H^) • 0, 
for some r G ^/^((O^) which vanishes in \x\ < Rq. Notice that 

q{x, = 2dF{x)i ■ i - W{x) ■ F{x), 
so that for e > small enough, there exists Ri > Rq + 1 such that 

(3.4) q{x,0>Eo, 

for all (x,^) G p^^{[Eo - 2e,Eo + 2e]) with |x| > Ri. 

We want to gain as much ellipticity as we can near (0, 0). As in [21 Section 4], we shall work 
with a weighted operator, and we start by defining the weights. Let p{x,^) = p(x,^) — £"0 
and pe{x,(,,h) = pe{x,(,,h) — Eq. There exists a symplectic map k defined near i?(0, £2) = 
{{x,l) G T*M"'; \{x,C)\ < £2}, with < £2 < e, such that, setting (y,r/) = k{x,^), 

(3.5) p{x,0 = 13{y,ri)y -rj. 

Here {y,r]) B{y,r]) is a C°° map from k{B{0,£2)) to the space Aln(M) of n x n matrices 
with real entries such that 

fi(0,0) = diag(Ai,...,A„). 

Let U he a unitary Fourier integral operator microlocally defined near B{0, £2) and associated 
to the canonical transformation k. Then 

(3.6) P = U{P-Eo)U~\ 

is a pseudodifferential operator in ^'/|(1) with a real (modulo S'jl{h^)) symbol p{y,r]) = 
Y.j>oPj{y^v)h^, such that 

Po{y,v) = I3{y,r])y ■ r]. 
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Let < ei < E2- Since the trapped set at energy Eq for p is {0}, we recall from [15] that, 
for the compact set /C = B{Q,2Ri) \ B{0,ei) n p~^{[Eo - 4e,Eo + 4e]) C T*W, there exist 
< Eq < ^1 and a bounded function g G C°°(T*M") such that Hpg has compact support and 

(g{x,O = 0, if (x,0 e5(0,eo), 

(3.7) I > 0, if G r*M", 

As in [29], we set, for Ri to be chosen later, 

(3.8) go{x,0 = xo{^)Mpix,0)9{x,0\^^h\, 

where xo G C^(M";[0, 1]) with xo = 1 on -8(0,1) and tpo G C^(M;[0, 1]) with suppVo C 
[Eq — 4e, Eq + 4e] and V'o = 1 in a neighborhood of [£^o — 3e, Eq + 3e]. 

We also define functions on the (y, rf) side. We set 

' ?i(2/,??) = {y^ - r]^)My,r])\ ln/i|. 

Here M > 1 is a parameter that will be chosen later on. Since we consider the semiclassical 
regime, we will assume that hM < 1. Moreover, (p* = 4'* ° '^"^i where cpi € C^(i?(0, £2)) is 
such that ^1 = 1 near B{0, ei) and (^2 G C^(5(0, eo)) is such that <j)2 = I near in T*W. At 
last, we choose four cut-off functions Xi)X2!X3)X4 G C^{B{0,e2)) such that, setting again 
X» = X» ° we have 

1{0} -< 02 -< ?i -< Xi ^ X2 ^ X3 ^ X4- 
The notation f < g means that 5 = 1 near the support of /. We define the operators 

G±o = Op (e^*"'^«), G±j = Op (e^*J^^) and G±j = Op (xje^*^'^^), 

for J = 1,2. Notice that G±q is acting on functions of (x, ^), whereas the other operators are 
acting on functions of {y,r]). The t,'s are real constants that will be fixed below. Then, 

G±o G vI/0(/.-^o), G ^°,(/i-^0' G±2 G 

(3.9) G±iGM/0(/i-^M^)"°°) and 0^2 e ^j/' {h~^Hv)-^) , 
for some A*", E M. 

We define the operator 

Q, = (u~\G.2G-i - Op(xi))f/ + Id)G^Q{Pe - z) 

(3.10) G+o(f/-^(G+iG+2 - Op(xi))f/ + /d) • 
Splitting - z = Op(p0X4) + Op(pe(l - X4)) - {z - Eq), we write 

Qz = Qi + Q2-(.z-Eo)Q3, 
and we compute the symbols of the operators Q, separately. 
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3.2. Computation of Q^. 

The goal of this part is to prove the following identity. 

Lemma 3.2. Let be the operator defined in (|3.10p . Then, 

Qz = Op{pe) + Op{ihto{go,pg}) + Op {ihti{gi,po} + iht2{g2,Po})U - z 

(3.11) + 0{hM-^) + ©(/liM-^l In/ip) + 0{\z - Eo\M-'^). 

Remark 3.3. We will show in the proof of Lemma 13.21 (more precisely in (j3.28p ) that the 
operators {U-^{G-2G-i - Op{xi))U + Id)G^o and G+o{U-^{G+iG+2 - Op{xi))U + Id) are 
invertible on L^(R"') and H'^{W^) for and h small enough. Moreover, their inverses are 
polynomially bounded in . In particular, the resonances of P are the poles of and to 
estimate {Pq — z)~^ , it is enough to estimate Q^^- 

The rest of this section is devoted to the proof of Lemma 13.21 In fact, (13. lip is close to the 
equation (4.44) of [2] and we will use some identities from [2] when possible. 

Proof. • First we consider Qi. Since we can assume that Rq> £2, we have 

Op(peX4)G+o = Op(px4)G'+o = Op(oi), 
with oi G S'^{h~^°) given, for any feg G N, by 

(3.12) ai(x,0 =Ei:y((V^(^-^€;^i/>^r,))Vx4(:r,0e*°^"(^^'''M + /i'="-^«50(l). 

k=Q 

Then again 

(3.13) G_o Op{poXi)G+o = G-o Op(ai) = Op(a2), 
with 02 G S^{h~'^°) given, for any ki G N, by 

(3.14) a2(x,e) =X]^((ya(Z),,D^;I)„Z),))'e-*o^'o(-,?)«^(y,,^) 

k=0 

The k-th. term in (j3.14p is easily seen to be 0{h^), so that choosing ki large enough, we 
conclude that 02 G S'^{1). Moreover suppa2 C suppx4 modulo 5jJ(/i°°), and 

(3.15) 02 = PXi + ihto{go,px4} + Sl{h'^\lnh\'^) =px4 + a3, 

for some 03 G S'^{h\ lnh\) with suppas C suppx4 H supp^o modulo 5)](/i°°). 
By Egorov's theorem, 

(3.16) C/0p(px4)f/^^ = Op(a4) and [/ Op(a2)?7~^ = Op(a5), 

where 04,05 G -S'JI(l) verify suppa4, suppos C suppx4 modulo S'J](/i°°). Moreover, from 
(|3.15p . we have 

(3.17) 05 = 04 + ihto{go,pxi} + 'S'°(/i^| ln/i|^) = 04 + 06, 

with 5^0 = 5o°^~^ and a symbol og G S'^{h\ lnh\) satisfying suppog C suppx4nsupp5o modulo 
S'°(/i°°). Since (/>i, (/'2 -< Xi ^ X2; we have 51, ^2 -< Xi we get by pseudodifferential calculus 

(3.18) G±2G'±i - Op(xi) +Id = G±2G±i + Oih^). 



+ /.^-^°50(l). 

y=x,r)=^ 
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Then, using (IXT3]) . (IXT6]) . dXTT]) and (ITOj) . we obtain 

Qi = [/"I (G_2G_i - Op(xi) + Id) U Ov{a2)U~^ {G+1G+2 - Op(xi) +Id)U + 0{hP^) 

(3.19) = [/-^G_2G_i Op(a4)G+iG+2f/ + [/"^G^sG^i 0^{aQ)G +iG +2U + ©(/i"^). 

The first term in the right hand side of (j3.19p has aheady been computed in the equations 
(4.15)-(4.41) of [2] (the reader should notice however that the symbol p there has to be 
replaced by pxi here) . We have 

G_2G_i Op(a4)G+iG+2 = Op (04 + i/iti {^1,^0X4} + ihhig^^PoXA}) 

(3.20) + 0{hM~^) + 0(/itM-^ I In Zip). 

On the other hand, since supp(/)2 C B{0, eq), 52 = near the support of ^0 and ag. Thus, 
G_2G_i Op(a6)G+iG+2 = G_i Op(a6)G+i + 0{h°^). 
And then, working as in (j3.12p - (j3.15p . we obtain 

(3.21) G_2G_i Op(S6)G+iG+2 = Op (i/ito{?o,PX4}) + 0{h^\ lnh\^). 
Using (IXT6D and collecting iK20\\ and iKTlh . the identity (f339|) gives 

Qi = OpiPXi) + Op{ihto{go,px4}) + U^^ Op (i/iti{?i,Po} + «/ii2{?2,Po})C^ 

(3.22) +0{hM-^) + 0{hiM-^\\nh\'^). 

• Now we consider Q2. As in (j3.12p - (j3.15p . we have 

G_oOp(pe(l-X4))G+o = Op(6i) 
for some 61 G 'S'/|(/i~^" (0^)- Moreover suppfti C supp(l — Xi) modulo S'^(/i°°) and 

(3.23) 61 = pe(l - X4) + i/ito{5o,Pe(l - X4)} + Sl{h^\ In/ip). 

Since xi ~< X3; the pseudodifferential calculus gives G_i = G_i Op(x3) + ^\{hP° {rj)~°°). 
Furthermore, using Egorov's theorem, we obtain 

f/-i(G_2G_i - Op(xi))f/ = C/-^(G_2G_i - Op(xi)) Ov{x2.)U + ^l{h^{ir'^) 

(3.24) = [/-i(G_2G_i - Op(xi))f/Op(62) + *^(/i°°(0~°"), 

where 62 G 'S'°((C)~°°) and supp62 C suppxa modulo S'°(/i°°(.^)^°°). Using xs ^ X4; the 
supports of hi and 62 are disjoint and 

(3.25) g2 = Op(6i) + 0(/i°°). 

• It remains to study Q^. Working as in p.l2p - (j3.15p . we get G_oG'+o = /d + Op(ci) with 
ci G S^{h?\ In/ip) and suppci C supp^/o rnodulo Sf^{h°°). As in (j3.16p . we have 

C/0p((l + ci)x4)C/-' = 0p(c2), 
where C2 G ^{^(l). Now (f3T8]l and ^^2^ yield 

Qa = (t/^^(G_2G_i - Op(xi))f/ + /d) ( Op((l + ci)x4) + Op((l + ci)(l - X4))) 

(c/-i(G+iG+2-Op(xi))^7 + /(i) 

(3.26) = [/-iG_2G_i Ov{c2)G+iG+2U + Op((l + ci)(l - X4)) + 0{h^), 
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Working as in the equation (4.43) of [2], we get 

G_2G_iOp(?2)G'+iG+2 = Op(?2) +0(M-2) + 0(/i2|in/i|2). 
Combining (j3.26p with the last identity, we finally obtain 

Qs = U^^ Op{c2)U + Op((l + ci)(l - X4)) + 0(M-2) + 0{h^\ In/ip) 
(3.27) = Id + 0{M-^) + 0{h^\lnh\'^). 

• The same way, one can prove 

(c/^i(G_2G_i - Op(xi))^ + Id) ([/-^(G+iG+2 - Op(xi))C/ + Id) 

= Id+ 0{M-^) + 0(/i2| ln/i|2), 

and the same kind of estimate holds for the product the other way round. On the other hand, 
G_oG+o =Jd + ©(/i^lln/ip) and G+oG_o = Id + 0{h2\\nh\'^). Then the two operators 
(C/-i(G_2G_i - Op(xi))t/ + /d)G_o and G+q{U-^{G+iG+2 - Op{xi))U + Id) are invertible 
on L2(M") for and h small enough and they satisfy 



(3.28) 



for some G > 0. The same thing can be done on H'^{W^) since the operators we consider 
differ from Id by compactly supported pseudodifferential operators. This shows Remark 13.31 

• Adding ([322]), (13:25]) and (13:271) . we get Lemma [32] □ 

3.3. Estimates on the inverse of Qz. 

Let ^ G G;f (r*M"; [0, 1]) be such that <^ = 1 near 0. We define 

(3.29) K = U^^ku with ^ = Gi Op {(p{ 



U"^ (G_2G,i - Op(xi)) U + Id) G_o) = 0{h-^) 
G+o(t/-^(G+iG+2 - Op{xi))U + Id))^' = Oih-^) 



VhM' VhM 
for some large constant Gi > 1 fixed in the following. 

Lemma 3.4. Assume that 5 > 0, Go > 1 and 9 = uh\\B.h\ with v > Denote r = 
max(|z — E'oli^)- Choose M = fJ-s/^ and fix t2,Ci,ti,tQ, R, fi large enough in this order. 
Then, we have, for h small enough, 

i) For z e[Eo- e, Eq + e] + i[-2Coh, 2Coh] and lmz> 5h, the operator : H'^{M.'') 
L2(M") is invertible ana 

(3.30) \\Q-^\\=0{h-^). 

ii) For z £[Eo- e, Eq + e] + i[-2Coh, 2Coh], the operator - ihK : ii'2(M") ^ ^^(M") 
is invertible and 

(3.31) \\{Qz-ihKy^\\ = 0{h~'^). 

This lemma is similar to Proposition 4.1 of [2]. We will only give the proof of part ii) since 
the first part can be proved the same way (using p.34p instead of p.35p ). 
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Proof. Let wi, . . . , G C^{T*W'; [0, 1]) be such that 

(3.32) ]l|o} -< CJi -< u;2 -< (/'2 -< '^B{0,ei) -< W3 -< u;4 -< (/"i -< ^ lB{0,e2)- 

As usual, we denote u), = o We now recall some ellipticity estimates proved in [2] 
by means of Garding's inequality and Calderon-Vaillancourt's theorem. From the equations 
(4.50), (4.51), (4.54), (4.55) and (4.64) of [2], we have 

(3.33) ( Op ( - h{g2,po}{l - Oi))n, u) > -Ch\ lnh\\\ Op{u4 - Qi)uf + 0{h°°)\\uf, 

(3.34) {Op{- h{g2,po}^2)u,u) > -ChM'''^\\uf , 
( Op ( - ht2{g2,Po}(^2 + Cihlp)u,u) 

(3.35) > Jmin(t2, Ci)h\\ Op{Q2)uf + 0{hM-^)\\uf, 

(3.36) (Op ( - h{gi,po}{l - Oi))u,u) > -Ch\ lnh\\\ Opiu^ - U3)u\\^ + 0{h°°)\\u\\\ 

(3.37) (Op ( - h{gi,po}Ql)u,u) > 6h\ lnh\\\ Op(a54 - ^i)uf + 0{h^\ \nh\)\\uf, 

for some 6,C > which do not depend on h, M and the i,'s. 
From p.3p and since 9 = uh] ln/i|, 

(3.38) Op{pe) + Op(i/ito{5o,p4) = Op{p - iOq + ih^{go,p}) + ^l{h^\ ln/ip(0')- 
Let (Je e C^(r*IR"; [0, 1]) be such that 

(3-39) lB{0,i?i)np-i([£^o-2e,£;o+2e]) ^ ^& < ^B{Q,2Ri)r\p-'^([Eo-1,e,Eo+1,e])- 

From the definition p.Sp of (70 1 we have 

-{go,p} = Xo{^^4'o{p)Hpg\ ln/i| + -^^ • (S^^^xo) (^) ^^0(^(2;, 0)f I ln/i|. 
Using Garding's inequality, (j3.7p implies 

[Op{-htQ{gQ,p}ujl)u,u) > toh\ ln/i||| Op((J6 - 0J3)u\\'^ 
(3.40) - C^/i|ln/i||| Op{l - uJ2)u\f + 0{h^\ In h\)\\uf . 

Let V e C'^([£^o - 2e, Eq + 2e]; [0, 1]) with ip = 1 near [So - e, So + e]. Using the functional 
calculus for pseudodifferential operators, we can write 

( Op(g)n, u) = ( Opiq)i^{P)u, u) + ( Op((7)(l - ij{P))u, u) 

= (Op(#(p))n,n) + {Op{q){P + i)-\P + - ij{P))u,u) + 0{h)\\uf . 

Note that the operator Op{q){P + is uniformly bounded on L^(]R"). Garding's inequality 
together with (j3.4p give 



( Op(g)n, n) > 6\\ Op(^(p)(l - a;6))^^f - C\\{P + - HP)>\\ M 
(3.41) - ClI Op(a;6 - W4)n|P + 0(/i)||uf . 
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Adding (j3.33p . (j3.35p . (j3.36p and (j3.37p and using Garding's inequality, we obtain 



-Im (([/ ^ Op {ihti{gi,po} + iht2{g2,Po})U - ihK)u,u) 

II 1 1 2 II 1 1 2 

>5tih\ ln/i||| Op(w4 — + 5min(t2, C*!)^]! Op(liJ2)^ 

II 1 1 2 II 1 1 2 

— Ctih\ lnh\\\ Op(liJ5 — u;3)u|| — Ct2h\ In /i| || Op(u;4 — t(Ji)n|| 

(3.42) + 0{hM-^)\\uf + 0{h^\ ln/i|)||nf . 

Combining the formulas (I3.1ip and (j3.38p and the estimates (j3.40p , (13.4ip and (j3.42p , we get 

— Im [{Qz — ihK)u, uj >5min(t2, C*!)^! Op(a;2)u||^ + 5tih\ lnh\ || Op(lo'4 — 

+ toh\ In /i| II Op(a;6 — i^3)^i||^ + ^'^hl lnh\\\ Op(V'(p)(l — a;6))n||^ 

II 1 1 2 II 1 1 2 

— Ct2h\ In h\\\ Op(w4 — — Ctih\ In h\\\ Op(a;5 — t(J3)n|| 

— C-^h\ In h\ II Op(l — 6<j2)^i|P — Cuh\ lnh\\\ Op(a;6 — W4)ti|P 

— Cvh\ \nh\ II (P + - ^{P))u\\ \\u\\ + Imz||nf 

(3.43) + 0(/iiM-^| ln/i|2)||nf + 0{hM~'^)\\uf + 0{\z - EQ\M"'^)\\uf . 

Now, assume that Imz S [— 2Co/i, 2Co/i] and Rez — Eq is small. We choose the parameters, 
in this order, min(t2, Ci) 3> Cq, ti » t2-, to ^ max(ti, v) then i? 3> 1 and finally M = ^\/\ 
with // ^> 1. Then, for h small enough, Garding's inequality implies 

II {Qz — ihK)u^ \\u\\ > — Im [{Qz — ihK)u, u) 

(3.44) > h\\iP{P)uf + 0{h\lnh\)\\{P + - il;{P))uf . 

On the other hand, from (j3.1ip . we have 

Qz-ihK = P - z + ^l{h\ ln/i|(0^) + 0{h\ \nh\). 

Then, 

||(Q, - ihk)u\\ > 11(1 - i^{P)){Qz - ihK)u\\ 

> ||(l-^(P))(P-z)n|| + C'(/i|ln/i|)||(P + i)'u|| 

> ||(P + i)(l-^(P))n|| +0(/i|ln/i|)||(P + i)n|| 

(3.45) > ||(P + i)(l-^(P))n|| +0(/i|ln/i|)||V(P)n||, 

for all h small enough. 

Summing (j3.44p and C2/1I ln/i| times the square of ()3.45p . we obtain 

||(Q^ - ihK)u\\\\u\\ + C2h\lnh\\\{Qz - ihK)uf > h\\{P + i)uf, 

for C2 fixed large enough. Then, using \\{Qz — i/ii^)n|| ||n|| < (5/i||ti|p + ^||(Q^ — ihK)u\\'^ 
with < 5 ^ 1, we finally obtain 

(3.46) \\{Qz-ihK)u\\ > h\\{P + i)u\\. 

Since we can obtain the same way the same estimate for the adjoint {Qz — ihK)* , we get the 
lemma. □ 
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To prove the part i) of Theorem 13.11 (the resonance free zone), we wiU use in addition the 
following lemma. 

Lemma 3.5. Assume \z — Eq\ > h. Under the assumptions of Lemma \3.4\ we have 
\\KQzu\\ = \z- Eo\\\Ku\\ + 0{h^\z - £"015)11^11. 

Proof. Since \\K\\ < 1, (|3.1ip gives 

KQ, =KOp{pe) +KOp{ihto{go,pe}) + IW-^ Op {ihti{gi,po} + iht2{g2,Po})U 

(3.47) - {z - Eo)K + 0{hM^^) + 0{h^M-^lnh\'^) + 0{\z - Eo\M-^). 
Since the support of does not intersect the support of the symbol of K, we obtain 

(3.48) KOp{ihto{go,pe}) = 0{h^). 
Moreover, working as in ()3.24p . 

kOY^ipe) = U-'KUOv{pxa) + 0{h^) 

= U-^KOv{p)U + 0{h'^). 

We now rescale the variables as in [7j and in the equation (4.18) of [2]. We define a unitary 
transformation V on L^(]R'^) by 

[V f){y) = {hMr'i f{{hM)-hy). 

If a(y, rj) is a symbol, then 

V-^0Y>h{a{y,7^))V = Op^ {a{{hM)W,{hM)"2 H)) . 

If possible, we will identify in the following an operator with its conjugation by V . As in [21 
(4.24)], we define the class of symbols a E 5j_(m), for an order function m(Y,H), by 

M 

\d^df,a{Y,H)\ < {Yr'-^{H)-'-^m{Y,H). 

We refer to the appendix of for the pseudodifferential calculus in From [21 (4.23)], 
we have that p £ S^{hM{{Y, H)f). Since if £ C^(r*M'^), we also have ^p{Y, H) £ 

^ A/ ^ 

Sj_{{{Y, H))^°°). Then, the pseudodifferential calculus in Sj_ implies 

(3.49) kOp{pe) = 0{hM). 

The same way, [1 Equation (4.38)] gives ihti{gi,po} G S i_ {hHl^\ In h\{(Y, H))). So, 

(3.50) ku-^ Op{ihti{gi,po})U = U~^k Op{ihti{gi,po})U + 0{h°°) = 0{h^ M^\lnh\). 

1/2 

Working in , we get 

ku~^Op{iht2{g2,Po})U = U-^kOp{tht2{g2,Po}02)U + 0{h°^). 
Since uj2 ^ 4'2^ [2 Equation (4.48)] yields that iht2{g2,Po}(jJ2 £ S^{h). Using Calderon- 

M 

Vaillancourt's theorem for this operator, we finally obtain 

(3.51) ku-^ Op{iht2{g2,Po})U = 0{h). 
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The lemma follows from ()3.47p , the choice of M in Lemma 13.41 and the estimates ()3.48p , 
(13391), (l33nD and dMI]). □ 



3.4. Proof of Theorem lO 

We first prove that (|3.ip holds for 

z^IEq- Ah, Eo + Ah] + i[-Coh, Coh]. 

Here, ^ > is any fixed constant. We used a method due to Tang and Zworski [39j. For 
z G [Eq — 2Ah, Eq + 2Ah] + i[— 2Co/i, 2Coh] , the quantity M can always be replaced by ^ » 1 
in Lemma [3. 41 (see (|3.43p - p.44p ). Then, z Qz is holomorphic in this set and ||i^||tr = 
As usual (see Section 4 of [2] for instance), we can find an operator K such that ||-ftr|| < 1, 
Ranki^ = 0(1) and such that (|3.3ip holds with K replaced by K. Furthermore, thanks 
to Remark 13.31 the resonances coincide with the poles of (with the same multiplicity). 
Mimicking the proof of Proposition 4.2 of [2] or Lemma 6.5 of [3] (which are adaptations of 
Lemma 1 of [39]), the estimates (I3.30p and (13.310 imply 

\\Qz'\\<h^''' n \Z-Zar\ 

Za€Rcs{P)nD{Eo,2Coh) 

for some Ki > and any z € [Eq — Ah,EQ + Ah] + i[— Coh, Coh]. On the other hand. 
Remark 13.31 gives 

\\{Pe-zr'\\<h-^'^\\Q-% 

for some K2 > 0. This proves HjSA^ for z e [Eo - Ah, Eo + Ah] + i[-Coh, Coh]. 

Thanks to Theorem 12.11 which describes all the resonances in any neighborhood of size h 
of Eo, it remains to prove that P has no resonance in 

(3.52) ([^0 -e,Eo + e]\ [Eo - Ah, Eo + Ah]) + i[-Coh, Coh], 

for one ^ > and that the resolvent satisfies in this region an upper bound polynomial with 
respect to h~^. In particular, we can assume that |z — -EqI ^ h. Using Lemma [3.4l Lemma [3.5l 
and II^CQzull < we get 

IIQ^ull > 6h[[{P + i)u[[ - h\\Ku\\, 

[[Qzu[[ > 5[z-Eo[\\Ku\\ + 0{h^[z- Eo[^)[[u[[, 

for some 6 > 0. Then, summing the first identity with h5~^[z — Eo[^^ times the second one, 
we obtain 

[[Qzn[[>h[[{P + i)u[[+0{hl[z-Eo[--^)[[u[[, 
since h6~^[z — Eo[~^ ^ 1. If now we assume that [z — Eo[ > Ah, we get 

IIQ.^II > HiP + ^)^^ll + OihA-"2)[[u[[ > h[[iP + i)u[[, 

for A large enough. Thanks to Remark l3.31 this implies that P has no resonance in the region 
given in p.52p and that p.ip holds in this set. 
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4. Spectral projection 

The purpose of this part is to give the asymptotic expansion of the generahzed spectral 
projection associated to an isolated resonance Za in some D{Eq, Ch). We recall that II^^ 
is the operator from Ll^^^iW^) to L^^^iW^) defined by 

Ti,^ = -^j[p-zr^dz, 

where 7 is a simple loop in the complex plane, oriented counterclockwise, such that Za is the 
only resonance in the bounded domain delimited by 7. 



Theorem 4.1 (Asymptotic expansion for the spectral projection). Assume (H1) -(H3) Let 
a E N" be such that z° is simple. Then, as operators from L^Qj^p(M") to Lf^^{MJ^), 

(4.1) n,„ = c( •,/)/, 

where 

(4.2) c(/.) = /.-H-t ^ ' ' n\°^ ^ 

a!(27r)2 

and the function f{x, h) satisfies the following properties: 

i) It is locally uniformly in L2(M"); for all f G C^{W), 

II¥'/IIl2(R") ^ 1- 

ii) It satisfies the Schrddinger equation: 

(P-z,)/ = 0. 

in) It is outgoing: there exists R > such that 

/ = microlocally near each (x,^) with \x\ > R, cos{x,(^) < —1/2. 

iv) Finally, locally near (0,0), we have 

where d{x, h) G S^{\) is a classical symbol satisfying 

+00 

d{x,h) ~ ^dj(x)/i^' and do{x) = x" + 0(xl"l+^). 

j=0 

We prove this result the following way. Using [2], we compute (P — z)~^v for some well 
prepared WKB function v and z on a loop around the resonance Zq,. Integrating with respect 
to z, we get HzaV thus the resonant state /. To finish the proof, we obtain the constant 
c computing {v, /) by a stationary phase argument. 

Remark 4.2. i) Since f is not necessarily in 5'(M"), saying "/ = microlocally near po" 
means that there exists (p £ C^(M2") with 4>{po) / such that, for every x e C^(R"), 
Opi(P)ixf)=0{h^) in L2(]R"). 

ii) The properties i)-iv) of Theorem I4.il characterize uniquely the resonant state f{x, h) 
modulo 0{h°^). In particular, the usual propagation of singularities implies that this function 
is a classical Lagrangian distribution of order with Lagrangian manifold A_(_. 
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For the punctual well in the island situation, the generalized spectral projection has been 
computed by HelfFer and Sjostrand [20]. In particular, they have proved that this operator is 
almost orthogonal. Indeed, if the resonance z is isolated and the cut-ofF x £ C^(M") is equal 
to 1 near the well, then 'X^zX is exponentially close to the spectral projection associated to 
the Dirichlet problem in the well and HxII^xll = 1 + 0(e~^l^) for some 5 > 0. The situation 
is very different in the present setting since, for x 7^ Oj ll^nz^xll is of order /i^'^'^a . 

From the previous discussion, the polynomial upper bound on the resolvent proved in 
Theorem 13. II occurs effectively. More precisely, in every disc D{za,£h), with e > 0, the cut-off 
resolvent can not be bounded by anything smaller than , ^ for some Ca > 0. Moreover, 

\Z Za I 

since Cq > |a| + ^, this constant can not be taken uniformly with respect to Zq. 

One may perhaps prove Theorem 14.11 with other methods than the one we use here. In 
the one dimensional case, the resolvent can be written in term of a basis of solutions of 
(P — z)u = and of their Wronskian. Thus, it must be possible to use the results of [M] in 
which the scattering amplitude, which can be expressed through the Wronskians of the Jost 
solutions, has been computed. In any dimension, another approach is perhaps also possible. 
One may first try to calculate the resonant state / with various methods (using, for example, 
the works of Brief, Combes and Duclos [1], Sjostrand |35j or Hassell, Melrose and Vasy |17j). 
It then remains to calculate the constant c. This question is equivalent to the calculation of 
the scalar product (/, /) = J f^- If we neglect the problems of integration at infinity, this 
calculation is reduced to a problem of stationary phase at point 0. But, since vanishes to 
order 2\a\, the knowledge of do is not enough and we must explicitly know the \a\ first terms 
in the expansion of / in powers of h. In this computation, the situation becomes, in a sense, 
similar to that of the eigenvectors of the harmonic oscillator for which the "good variable" is 
However, this is not the case in Theorem 14. II since the factor e^f+'^^)l^ in / has modulus 

1. 

It may be possible to obtain some results when z\ is not simple. In that case, various 
situations may occur: several resonances can be very close to each other, the resonances can 
have a non-trivial multiplicity and they can be multiple poles of the resolvent. We refer to |35^ 
Section 4] where such phenomena are shown. In the remainder of this discussion, we consider 
the simplest case where a double resonance can appear. We assume that Ai = A2 < A3 and 
that z = &/i(^(i,o,...)) = ^/i(-2(o,i,o,...)) i^ ^ double resonance. Then, near i", the resolvent can be 
written 

n2 , Hi 

where H is holomorphic near z. In that case, Rank 112 ^ 1 and Rank Hi = 2. It seems possible 
to calculate Hi with a proof similar to that of Theorem 14.11 Using Proposition IA.31 we can 
construct two initial data fi,f2 such that the microsupport of Vj and A_ intersect along a 
Hamiltonian curve which goes to along the j-th vector basis. Then, computing the residue 
of (z — P)~^Vj, we obtain that Ili{vj + {P — z)dzVj) is of the form fj = Xje^'^+^^^^^ modulo a 
constant. In the following, we can neglect {P — z)dzVj as it gives lower order terms. Since fi 
and /2 can not be collinear, {/i, 72} (resp. {/i, /2}) forms a basis of Imlli (resp. Imll^). To 
finish the computation of Hi, it is sufficient to calculate {vj, fk)- The scalar products {vj, fj) 
can be calculated as in the proof of Theorem 14.11 But, according to the choice of the Vj^s and 
to the form of the fkS, {vj, fk) appears to be smaller when j / k. Eventually, in the {/i, 72} 
and {/i,/2} bases, the operator Hi seems to be a 2 x 2-matrix whose diagonal coefficients 



i'-Pr' = 7^^ + ^ + H{z) 
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are given by ()4.2p at the first order and whose off-diagonal coefficients are of lower order. 
One can probably also say something about 112. But, one may need to calculate several lower 
order terms in the semiclassical expansions (for the resonance for example). This operator 
seems to have a smaller norm. 

4.1. Construction of "test functions". 

To prove the theorem, it is enough to show that 

(4.3) xn.„x = c(-,3^)x/, 

for X £ Cq°(M"). Let ^z^fi be the spectral projection of Pg at the resonance Za- It is the 
operator on L^(]R") defined by 

(4.4) li^^^e = -^j>{Pe-z)-^dz, 

We now assume that the distortion occurs outside of the support of In particular, x^zaX = 
X^za,9X- Lfit J be the anti-linear operator on L^(M") defined by 

J : J L2(M") — ^l2(M") 
I u u. 

Since P is a Schrodinger operator with a real potential, JP = PJ and a direct calculation 
gives {Pg - z)~^ = J{{Pe - z)~^)*J. Thus, n^cfi can be written Il^^^e = {■,ge)ge with 
ge £ L^(]R"). The same way, 11^^ = {■,g)g for some g S Lf^^{W^). Moreover, from [37], we 
can always assume that gg = Ugg. In particular, X9e = X9- 

Since is simple, for all j G {1} U suppa (where suppa = {j G N; aj / 0}), Xj = X ■ (3 
with (3 G N" implies |/3| = 1. Then, from Lemma lA.ll and Proposition IA.31 there exists 
a Hamiltonian curve 7" = {x{t),^(t)) C A_ such that, for all j E {1} U suppa, we have 

7a, = 7a,,o / 0- 

We now construct the "test functions", supported microlocally near the "test curve" 7", 
on which we will evaluate the spectral projection. Let u{x, z, h) be a function defined in a 
vicinity of but not at 0. We assume that u is a WKB solution of {P — z)u = 0. More 
precisely, near the x-projection of 7^ \ {0}, we have 

(4.5) n(x, z, /i) = 6(rE, z, /i)e^^(^')/\ 

Here "0 is a C°° function solving the eikonal equation |V'i/'P + V{x) = Eq. We assume that 
= {(x, V'0(x))} intersects transversely A_ along 7^. Note that the construction of such 
a phase, whose associated Lagrangian manifold projects nicely on the x-space in a vicinity of 
7~, can always be done thanks to Proposition C.l]. The symbol b{x,z,h) is classical: for 
all iV e N, 

TV 

b{x,z,h) = ^bj{x,z)h^ + 0{h^^^), 

j=0 

uniformly for z G D{Eq, CqH). Moreover, h and the 6j's are with respect to x and analytic 
with respect to z G D{Eq, C^h). Finally, we assume that u satisfies 

{P - z)u = 0{h°°), 
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and bQ{x, z) ^ near the x-projection of j~ . For that, it is enough to solve the usual transport 
equations. Finally, we suppose that n = outside a neighborhood of the spacial projection 
of 7~. Then, we set 

(4.6) V = [P, t]u, 

where r G C^(]R") with suppr close to and r = 1 near 0. We consider 

(4.7) w = {Pe- z)-^v. 

In all the proof of Theorem 14. H we will work with ^; in a ring TZ^ = D{z'^, C2/1) \ D{z^, Cih) 
such that z^ is the unique element of Reso(-P) in D{z^, C2/1). Note that Theorem 13.11 implies 



that ||w||j:^2mn) < /i uniformly for z G T^/j, for some C > 0. 



4.2. Calculation of w before the critical point. 

We begin the proof by showing that w is in the incoming region. More precisely, we have 

Lemma 4.3. Let p G M^" be such that p ^ and exp(] — oo,0]Hp){p) does not meet the 
niicrosupport of v. Then, w = microlocally near p, uniformly in z G TZh- 

Proof. This lemma can be proved as Theorem 2 of [3]. First, assume p ^ p~^{Eq). Using 
the elliptic equation {Pq — z)w = the norm estimates ||v||, ||tt;|| < /i"*^ and the condition 
p ^ MS(f), the standard pseudodifferential calculus implies that p ^ MS(tt;). More precisely, 
for all / G Co°(]R) with / = 1 near Eq, we have 

(4.8) (1 - f{P))w = 0{h^), 
uniformly in z £ TZh- 

Assume now that p G p^^{Eo). From the hypotheses, the half-curve exp{tHp){p), t < 0, 
does not meet MS(u) and goes to cxd as t ^ —00. Then, one can find a symbol to G ^^(l) 
such that Lu = 1 near p, HpU < 0, exp(] — 00, 0]ifp)(suppu;) does not meet MS(w) and 
exp(— T//p)(suppc<;) C {R,d,a) for some T, R ^ I, d > and a < 0. Here, T~{R,d,a) = 
{{x,C) G T*]R"; \x\ > R, d~^ < |^| < d and cos{x,^) < a}. Then, mimicking the proof of O 
Theorem 2], we get Op{uj)w = 0{h°°), uniformly in z G TZh- The unique difference with its 
proof is that the in the left hand side of O (3.4)] is replaced by 0{h°°) (here, we use that 
suppa;nMS(?;) = 0). □ 

We will now calculate w on A_ near 0. First, using MS(f) H A_ C 7", the previous lemma 
implies the following consequence. 

Remark 4.4. We have w = microlocally near each point of A„ \ 7" . 

On the other hand, near 7", we have the following lemma. Note that the results of this 
lemma and of Remark 14.41 are uniform for z G TZh- 

Lemma 4.5. Let p G 7" be a point close enough to 0. Then, w = u microlocally near p. 
Proof. We define 

(4.9) w = ^ e-''^^-'^^^[P,T]udt, 

h Jo 
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Figure 1 . The geometrical setting of Lemma 14.51 



where T > is chosen such that exp (Ti/p) (MS (f)) n exp(] — oo, 0]Hp){p) = (see Figured]). 
Then, microlocahy near each point of 7~, we have 

{Pq — z)w = {P — z)w 

For the first equahty, we have used that P = Pg near the spacial projection of MS(u;) H 7" C 
exp([0, +oo[-f/p)(MS(u)). Thus, microlocally near 7", we have 

{Pe -z){w-w) = e-^^(^-^)M[P, t]u. 

In particular, the choice of T and the Egorov theorem imply (Pg — z){w — w) =0 microlocally 
near exp(] — 00, Q\Hp){p). On the other hand, combining Lemma 14.31 (for w) and the Egorov 
theorem (for 5;), we obtain w — w = microlocally near exp{—SHp){p), for all S large enough. 
Using moreover that \\w — w\\ < , the propagation of singularities implies that 

(4.10) w = w microlocally near p. 
Then, microlocally near p, we have 

w = - r e-'^^P-'^/^\P,T]udt = - r e-'^^P-^^'^iiP - z)tu-t{P - z)u)dt 
h Jo h Jo ^ 

A rT 

(4.11) = - / e-'^^^-'^/^(P - z)tu dt = -e-^^(^-^)/'^ru + tu = u, 

h Jo 

which proves the lemma. □ 

In fact, one can prove more directly Lemma 14.31 and Lemma 14.51 bv applying the proof of 
Theorem 2 of [3] to the function w — w. 

4.3. Representation of w at the critical point. 

We will use the variable a = {z — Eo)/h, the notation = {z^ — Eo)/h and the set 
TZ = D{a^, C2) \ D{(y^, Ci). Note that and TZ does not depend on h and TZ^ = Eo + hTZ. 
Since r = 1 near 0, we have 



(4.12) 



(P - z)w = {Pe - z)w = [P, t]u = 0, 
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in a neighborhood of 0. On the other hand, let p G A_ n {\x\ = 5} with 5 > small enough. 
From Remark 14.41 and Lemma 14.51 we have 



(4.13) w 



ifp^T", 



microlocally near p. Moreover \\w\\ < h"^ . Then, we are in position to apply Theorem 
2.1 and Theorem 2.5 of [2] which give a representation of w microlocally near (0,0). More 
precisely. Theorem 5.1 of [2] states that, microlocally near (0,0), 

1 1 r+oo 

, X, (T, h) dt. 

(27r/i)2 (27r/i)2 J-i 

Concerning the symbol we will only use that a ^ is a holomorphic function of 
(J G L'(0,Co) which decays uniformly exponentially in t (see [H Proposition 5.11]). The 
constant -0(0) is defined by 

(4.15) ip{S)):= Mm. tp{x{t)) =ip{x{s)) - ip-{x{s)), 

for all s > 0. 

The symbol A^{x^a,h) G S^{h^'~^), holomorphic for o" G 7^, is constructed the following 
way. There exists an expandible symbol a(i, x, a, h) G S^{1) of the form 

a(t, X, o", /i) ~ aj(t, x, cj)/i-^ , 
i=o 

where the Oj's satisfy 

+00 A^i.Mfc 

aj(t,x,c7) ~ ^aj,^j^(t,a;,(T)e~('^+^'=)* and aj,^^^ (t, x, cj) = aj^^^^i{x,a)t^ . 
k=o e=o 



We refer to Helffer and Sjostrand [19] for the definition of expandible functions. Here, S is 
defined by 

A,- 



S = S{a) := y^ ^ — ?cj. 



\7 

2 



The symbols Oj, Oj^^j. , a^^^^^^ are holomorphic for cj G D{0,Cq). Moreover, as in [H (6.26)], 
ao,o does not depend on t (and cr) and 

(4.16) ao,o(0) = |(7^JAfe-^fe-^o^°°^'^(^(^»-(^^^/2-Ai)ds^^(^^Q))^ 

with = 7r^.(7^ ), vr^. being the spatial projection. Let ipi,(t,x) = (p{t,x) — {ip^{x) +-0(0)) 
be the expandible function 

ip^{t, x) r^Y^ ipf,^ {t, x)e"^'=* and 99^,, {t, x) = ^ (pf,^^e{x)t\ 
k=i e=o 

constructed in [21 Section 5]. Recall that ip{t,x) satisfies the eikonal equation 

(4.17) dtip + {d^ipf + V{x)=Eo. 
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We consider the expandible symbol (see (5.77) of [2]) 

H^^l ^ j = i-Qi 

for some Qi ^ fixed large enough, 

+00 ^i.Mfc 

aj {t, X, cr) ^ aj^^^ (t, X, cr)e~^'^+^''^* and aj,^^^ (t, x, a) = aj^^^^^i{x,a)t^. 
k=o e=o 

Then, A_(x, a, h) is a symbol, holomorphic with respect to cr G 7^, such that 

+00 Ki *^i,Mfe ^1 

(4-19) A_(x,cT,/i)~ ^ ^^IZ rQ^M y+i "j>fc.^(^'^)' 

for some ETi G N large enough. 

In the following, we will need some informations on the (^^j.. Let j G {1, . . . ,n} be such 
that aj 7^ or j = 1. Since is simple, Aj can not be written as a non-trivial combination of 
the Afc's (i.e. Xj = X ■ (3 implies /3fc = Sj^k)- Therefore, calculating the term in e""**^* of (j4.17p . 
we obtain 

Working as in Section 6.1 of [I] (see also (5.59) of [2] for j = 1), one can prove that (fx- does 
not depend on t (i.e. A^Aj = 0), that 

(4.20) 2d^^+ ■ d,^x, - \j^x, = 0, 
and that 

(4.21) ^x,{x) = -XjglXj + 0{x^). 



Since is collinear to the j-th vector of basis, we also denote this j-th component of the 
vector g~ by g7. 



4.4:. Integration with respect to z. 

Let 7 be a fixed simple loop in TZ around oriented counterclockwise and = Eq + h'y d 
TZh- We integrate w on the loop 7/1 . First, since Za is a simple resonance for h small and 
since v is a holomorphic function with respect to z G D{EQ,CQh), the equations (j4.4p and 
(gZl) give 

(4.22) Uz^^gv{x,Za) = --^ ^ w{x,z)dz = --^ j) w{x,a)da. 

On the other hand, we can also calculate this quantity microlocally near (0, 0) with the help 
of (j4.14p . Since a 1— > A^(a) is holomorphic in D(0, Cq), the second term in the right hand 
side of (j4.14p gives no contribution to this integral. Moreover, for /x^ 7^ X ■ a, the function 
{S + fJ'k)~^ is holomorphic for a G D{a^, C2). This implies that only the terms of (|4.19p with 
/Ufc = A • a give a non-zero contribution to the integral over a. 
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We now look for the terms with = A • a in (j4.18p . Among these terms, the one which 
gives the higher possible power of h~^, is given by g = |a| and is equal to 

ao^(x) / i \ l"l |a|! -A- , 

Here, we have used the fact that is simple. Note that, since ao,o and ipx., with aj ^ 0, does 
not depend on t (see the discussion before ()4.20p ). this term does not depend on t. Then, A- 
satisfies, as /i — > 0, 

+ 00 

h) ~ ^a-{x,a)h-\'^\+^ +n{x,a, h), 

j=0 

where the aj's are holomorphic with respect to a £ TZ and C°° with respect to x near 0. The 
function o" i— > W is holomorphic in D^a'^, C2). Moreover, 

"° = (EA,/2 + A-a-za)a! H i^^. (-)) ' 

Using the previous discussion, together with ()4.14p and (14.220 . we obtain that 

„ +00 

(4.23) n, ev{x,Za) = 6 w{x,z)dz ~ e*^+(^)/'^e*^(°)/'^ V S,-(x)/i^-l"l+^ 

microlocally near (0,0). Moreover, 

(4.24) ao(x) = -^^ao,o(x) J] (v'A,(:c))"^ 

(2vr)2a! 

To be more precise, in the case. Theorem 2.1 of [2] gives only uniqueness for z outside 
of a set r(/i), which is finite uniformly with respect to h. Then, to prove (j4.22p . we integrate 
first on a loop G TZ^ \ (r(/i) + D{0,eh)) of length of order h and which may depend on 
/i in a non trivial way. But, since the function w is holomorphic in TZ^, we can deform the 
contour 7/^ to 7/1 and thus justify (j4.22p . 

4.5. Construction and properties of /. 

We define the functions / and fg by 

(4.25) f{x,h):=c^'^Il;,^v{x,Za) and fe{x,h) ■.= c"'^U;,^fiv{x, Za), 
where, using the notation {g~)°' = YYj=ii9\ )'^^ ^ 

(4.26) c{h) := ^^^aoo(0)(-A(7-)"/i^-l"le^'^(o)/^ 

(27r)2a! 

As usual, we have xf = xfe if the distortion holds outside of the support of x G C'o"- From 
()4.25p . / (resp. fo) is in the image of (resp. Uz^fi). Moreover, using (14.161) (which gives 
that ao,o(0) / 0), (fOT]) . ([423]), ([424]) . ([4:%]) and (|4lBl) . we have, microlocally near (0,0), 

7=d(x,/i)e^^+(^)/\ 
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where d{x,h) G S'^i^) is a classical symbol satisfying 

+00 

(4.27) d{x,h) ~ and do{x) = + 

j=0 

In particular, / is not identically zero. Then, H^^ can be written as 

(4.28) =?(•,/) 7, 

and / satisfies iv) of Theorem 14.11 Furthermore, using Lemma 14.31 integrating over z and 
coming back to the definition of / (see ()4.25p ). we immediately obtain the point iii) of 
Theorem 14. 1[ Since / is in the image of II^^ which is the spectral projection at a simple 
resonance, the point ii) of Theorem 14.11 is clear. Combining iii), iv), (14. Sp . which gives a 
uniform bound outside of the energy level, together with "the transport equation" ii), we get 
the point i) by a standard argument of propagation of singularities. 

4.6. Calculation of (^v{za),f)- 

Here we calculate the scalar product between v{x,Za) and f{x). From (j4.5p and (|4.6p . 
the function v is supported near supp5x-r and micro-supported near {(3;,'^) G M^"; x G 
supp(9a;r and (x,^) G A^}. Then, if suppr is close enough to 0, the previous section and 
(|4.5p imply that 

{v{z^),7) = {[P,T]be'^/\de^)+0{h^). 

A direct calculus gives 

(4.29) [P, t] {be'^/'') = h{x, /i)e^'^(^)/'^ , 
with 

+00 

(4.30) b{x, h) ~ ^ 6j(2;)/i^+J' and 60(2;) = -2i9^r • ^^#0(2;). 

j=0 

Then, using that 99+ = — we get 

(4.31) {y{z^),7)= jb{x,h)d{x,h)e'^'^^''^-^-'^'''^'^/^dx + 0{h^). 

The critical points of the phase — (i.e. the points x such that ^ip{x) = V(/?_(x)) 
are the points in the spatial projection of A^ n A_ = 7". Moreover, since this intersection is 
transversal, the phase function ip — Lp_ is non degenerate in the directions that are transverse 
to '7r^7~ [t^x being the spatial projection). Then, applying the method of the stationary phase 
in the orthogonal directions of i^xl" (written {t^x1~)^) and parameterizing the curve 'Kx1~ 
by x(t), (fOT]) gives 

(4.32) (v{z^)^) = yr(t,/i)e*(^(^W)-^-(^W»/^dt + 0(/i°°), 
with T{t, h) ~ Ylt=o rj{t)h'^+^ and 

if sgn{^-V.-);' 

(4.33) ro(i) = (2^) — -\dtx(^t)%{x{^t))d^{x{t)) . 

|det(^-(^_);' 1 2 
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Prom (|4.15p . we have tp{x{t)) - ip_{x{t)) = V'(O) for all t G M. In particular, (|4.32p can be 
written 

(4.34) {v{za)j)=e'^^'>y'^s{h), 
with 

+00 „ 

(4.35) s{h) r^^Sjh^+^ and so= ro{t)dt. 

j=0 

Prom (fi:2il) and I^Mi), we have 

^A 7 ( \ 00,0(2;) -A- / 95 A, (2;) 

«o,o(0)^V/-Aj5;,^7 

Using (j4.20p . we have the transport equation 

dt<fx^{x{t)) = dtx{t) ■ d^ipx^{x{t)) = 2C{t) ■ d^ipx,{x{t)) 
= -2dx(p+{x{t)) ■ ipx^{x{t)) = -Xjipx^{x{t)), 

which gives 

(4.37) (/.A,(x(t))=e-^^VA,(x(0)). 

On the other hand, since ^Xj{^) is C°° and x(t) is expandible, the function 1 1— > ipxj{x{t)) is 
expandible. Moreover, since Xj can not be written as a non-trivial combination of the A^'s, 
the Taylor expansion (j4.2ip of cpx^ shows that the term in e~^^* in the expansion of 93 {x{t)) 
is —\j{g'^,Ye~^^*. Since (|4.37p gives another asymptotic expansion, the uniqueness of the 
development implies that 

^xMt)) = -H9-xfe-^^K 
Then, combining with ()4.36p . we obtain 

(4.38) do{x{t)) = (g-)"e-^-"*(l + 0(e-^*)). 

Note here that the curve 7" has been chosen in Section [4.11 such that ((?")" 7^ 0. 

Prom the construction of u in (|4.5p and since is a classical symbol (see Remark I2.3p 
with Za = + 0{h?) = Eq — ih{\ • a + Aj/2) + 0{h'^), the function bo satisfies the usual 
transport equation 

28^11^ ■ d:,ho + (^A^ - A • Q - ^ Aj/2) 60 = 0. 
Mimicking the proof of (j4.37p . we get 

(4.39) 6o(x(i)) =e-i'o^^W^))-CA,/2+A.a)ds^^(^(Q))_ 
Therefore, (j4.30p gives 

6o(x(t)) = -iho{x{t))dtT{x{t)) 

(4.40) = -ie-^0^^(^{^))-(EA,/2+A.a)ds^^(^^Q^)^^^^^(^))^ 
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From Proposition C.l of [T] and since 7^ 0, we have 



(^-v._r(x(t)) 



/ 



V 



Using x{t) = 5^6-^1* + C'(e-(^i+^)*), we get 



(4.41) 



det{ip — ip- 



i=2 



sgni-ip-ifY' _ (x{t)) = n-l, 



and 
(4.42) 

for t large enough. 

Finally, using the expansion of x{t), we have 

(4.43) \dtxit)\ = |<7^JAie-^i*(l + ©(e"^*)). 

Combining the definitions of sq (|05]) and of ro (|03]) with the relations (|i38]) . (jOO]) . 
(|4.4ip . (j4.42p and (j4.43p . the constant sq does not vanish if dtT{x{t)) > and the support of 
dtT{x{t)) is sufhciently small near T large enough. 

4.7. End of the proof of Theorem 14.11 

From ([425]) and (j428]) . we have 

c/ = c(t;(2;a ),/)/. 
In particular, using (14.26P and (|4.34p . we get 



+00 



(4.44) 

with 
(4.45) 



— = 1 ao,o(0)(-A5^)"/iM"l ~ V?,/i-t-l"l+i, 



Co 



il"l+^flo,o(0)(-Ag-)^ 
(27r) aalso 



At this point, the function / and the constant c may depend on v. Nevertheless, since 

= c( • , /)/ and do (the first term in the development of / given in (I4.27P ) do not depend 
on f , the constant cq also does not depend on v. 

We choose a sequence of functions r (say tat), with dtTj\[{x{t)) > 0, such that dtT]\f{x{t)) 
converges to the Dirac mass 5t for some fixed t > 0. Then, from the definition of sq (|4.35p 
and of bo (|4.40p . we get 



Co 



ao,o(0)(-A5")" 



det{ip - ^p-y/ 



i{27ry-^\dtx{t)Mx{t))do{x{t))a\ *l ^s-W-^-)!;^ 
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Combining (|TOD . (fCTD . (fCTD . (fOTT) . (|02D and (03D . we obtain 



Then, letting t going to +00 and using that cq does not depend on t, it follows 
(4.46) CO 



^|"|(-Ar(n-=iA, 



(27r)2e*"4a! 

We now consider a fixed v as in the beginning of this subsection. With c{h) as in 
(|4.46p gives that c = cc where 

+00 

c ~ Cj/i-' and cq = 1. 

j=0 

Now, we define / := C2 /. Then, (j4.28p gives (j4.ip and the properties of / given in Theorem 14. II 
follow from the properties of / given in Section [4.51 and cq = 1. 

5. Residue of the scattering amplitude 

In this section, we give the semiclassical expansion of the residue of the scattering amplitude 
at an isolated resonance. To define the scattering matrix, we assume that the potential is 
long range: 

(H4) For some p > 0, we have < {x)~p for all x G 5. 

Using the constructions of Isozaki and Kitada (see [23] and [23] ) , the assumption |(H4)| allows 
to define the scattering matrix S{z, h), z g]0, +oo[ related to the pair Pq = -h^A and P as 
a unitary operator 

S{z,h) : l2(S""1) l2(S"-1). 

In the short range case (i.e. p > 1), this operator coincides with the usual scattering matrix. 
Next, introduce the operator T{z, h) defined by 

S{z,h) = Id-2iTTT{z,h). 

Its kernel T{u>,u>' , z,h) is smooth away from the diagonal of x (see [23]). Here, to 
(resp. u>') is called the outgoing (resp. incoming) direction. Finally, the scattering amplitude 
is defined for u; / 6<j' by 

A{io, Lo' , z, h) = c(z, h)T{ijj, uj' , z, h), 

with 

n — 1 n — 1 -(n — 3)77 

c(z,/i) = -{2-k)z — ^(27r/i) — e"*— 4— . 
In [13], Gerard and Martinez have shown that for uj ^ lo' fixed, the scattering amplitude has 
a meromorphic continuation to a neighborhood of ]0, +oo[, whose poles are the resonances of 
P. Moreover, the multiplicity of each pole is less or equal to the multiplicity of the resonance. 
Notice that, since the kernel of the residue of the scattering matrix is not singular aX uj = oj' 
(see Theorem 1.1 (iii) of [13]), we drop the assumption uj ^ lo' va the sequel. 

We will now make some hypotheses on the behavior of the classical curves. Let (x(t), ^(i)) = 
ex.p{tHp){x,^) be a Hamiltonian curve in p~^{Eq). Under the hypotheses (H1) -(H4), there 



are only two possible behaviors for x{t) as t — > ±00: either it escapes to 00, or it goes to 0. 
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From the long range assumption | (H4)"| if x(t) escapes to oo, then ^(t) has a hmit in i/^S" ^. 
Moreover the set of points with asymptotic direction iv and u>' , 



K' = {(^'0 e P^\Eo); m 4EqJ as t ^ -cx)}, 

= e p'HEo); as t ^ +00}, 

are Lagrangian submanifolds of r*R" (see [TO]). We suppose that 

(H5) A^, and A_ (resp. and A+) intersect in a finite number N_ (resp N^) of bichar- 
acteristic curves, with each intersection transverse. 

We denote these curves, respectively, 
and 

Note that, from Proposition 2.5 of [I], the intersections A^, n A_ and A^ n A_|_ are never 
empty (i.e. N- > 1 and > 1). From [19], the curve 7^ with -k = k,£ satisfies 

+00 A^Mf 

4 it) ~ E <f (*)^^^^* ^ith g;f it) = 9;tmt"' as t - TOO. 

j=l m=0 



From Lemma lA.H if Xj satisfies X ■ a = Xj 



\a\ = 1, then M- 



A, 



0. Moreover, there 



always exists a fij such that gp^'. 7^ 0. We define 

Xt =mm{nj; glf^O}. 
We know that is one of the A/s and that M^'^ = (see [H (2.18)]). We shall denote 



+00 



T,: 



x^{s)dxV{x^{s))ds and 



xj{s)dxV{xj{s))ds, 



for some large enough which is equal to +00 in the short range case p > 1. 

Moreover, in the short range case p > 1, the bicharacteristic curves in A^, a G 
are the bicharacteristic curves 7±(t,z,a) = {x±{t, z,a),(,±{t, z,a)) for which there exists a 



lim |x-i-(t, z,a) — 2\/ Eoat — z\ =0, 



z e a-^ ~ M"-~^ such that 



lim ^-|-(t, z, a) — y E'oa = 0. 

t— >itoo 

These trajectories are smooth with respect to i, z, a. We denote by zf the impact parameter 
of the curve 7^. Let 

dx- {t, z, uj') 



D, = lim 
Dj- = hm 



det 
det 



dit,z) 

0x4. (t, Z, Uj) 

d{t, z) 



g(S,A,-2A+)t 



be the Maslov determinants for 7^ which exist and satisfy < < +00 (see [T]). We shall 
also denote by uf- the Maslov index of the curve 7^ . 



28 



J.-F. BONY, S. FUJIIE, T. RAMOND, AND M. ZERZERI 



Theorem 5.1 (Residue of the scattering ampUtude). Assume (H1) - (H5) Let a G N" be 
such that z\ is simple. Then, the residue of the scattering amphtude satisfies 

Residue {A{uj,uj', z, h), z = Za) = ^Y1 afc//i~'"'+^e*(^^^+^^^)/'^ + 0(/i°°), 

k=l l=\ 

where 

+00 

akAh) = bk{h)b+{h) and bt{h) ~ 6± ./i^'. 

j=0 

Moreover, b^Q = if and only if {g*'^)°' = 0. Finally, in the short range case p > 1, we have 

-if ^ 3 " „ _l 



X e-*'^fc"^/2g-i^+V2p^Z)+)-|(/.-)"(/+)"|5^L"||/^|. 

In the last formula (5*'^)'^ is a shorthand for 0^=1 (^a^)"^ where is identified with 
its j-th coordinate. To prove the theorem, we first obtain a representation formula for the 
scattering amplitude involving the resolvent. Then we apply Theorem 14.11 to express the 
residue of the scattering amplitude with the help of the resonant state /. Finally, the result 
follows from the computation of two scalar products which are done with the stationary phase 
method. 

Remark 5.2. Stefanov |38j (in the compact support case) and Michel [30] (in the long 
range case) have given a priori estimates for the residue of the scattering amplitude. For 

3ri + 5 

the resonances zq very close to the real axis (more precisely | Imzo| < h 2 ) and under a 
separation condition, they have proved that the residue satisfies 

I Residue {A{lo, uj' , z, h), z = zq) | < h ~ \ Im zq\. 

In the present situation, these results do not apply since the resonances are "too far" from 
the real axis. Furthermore, the previous estimate does not hold. Indeed, the imaginary part 
of Za behaves like —\a\h but the residue is typically of order /i~l"l"'"2. 

In the one dimensional case, Theorem 15 . 1 1 can probably be deduced from the computation 
of the scattering amplitude obtained by the third author in [3l] . 

For a punctual well in the island case and under some geometrical assumptions, the as- 
ymptotic of the residue of the scattering amplitude has been computed by Nakamura [31^ [32] , 
Lahmar-Benbernou [26] and Lahmar-Benbernou and Martinez [27] . 

It is possible to compare Theorem 15.11 with the semiclassical expansion of the scattering 
amplitude for real energy obtained in [1] . Assume for simplicity that the Xj 's are non-resonant 
(Z-independent for example), A„ < 2Ai, = iV+ = 1, A^oo = and gl^~ / for all 
j £ {1, . . . ,n}. In particular, we have k = i = 1. Let J S {1, . . . ,n} be the first j with 
g^^ / (thus, Aj = Xf). In that case. Theorem 2.6 (a) of [I] gives 

(5.1) A{uj,uj',E,h) = (^/(^)r(^^) +o(l))/i^"^e^(^i"+^f)/'^. 
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for E real with E - Eq = 0{h). Here, 

and f{E) is an explicit function, analytic near Eq. Thus, the main term in (15. ID . defined 
in m for E real, has a meromorphic extension in a fix neighborhood of Eq. Moreover, its 
poles are exactly the pseudo-resonances G Reso(-P) with a = (0, . . . , 0, aj, 0, . . . , 0) and the 
corresponding residue coincides with that given in Theorem I5.1[ In particular, this principal 
term does not contribute to the residue at the other (pseudo)-resonances. The cases (b) and 
(c) in Theorem 2.6 of [T] only appear for resonant Aj's and the corresponding main terms 
in the semiclassical expansion of the scattering amplitude have poles at some z'^ E Reso(-P) 
which are not simple. 

5.1. Representation formula for the scattering amplitude. 

In this section, we recall a representation formula of the scattering amplitude for complex 
energies due to Gerard and Martinez [13]. Their approach consists in extending the formula 
of Isozaki and Kitada [2l] to complex energies. For this purpose, they show that the phases 
and the symbols involved in that formula can be chosen to be analytic in a suitable complex 
neighborhood of M^". We only recall what will be useful in the following and refer to [13] for 
the details. 

For R > large enough, d > 0, e > and a g]0, 1[, we denote 

r^{R,d,£,a) = {{x,0 G C^"; |Rex| > R, d^^ < \ Re^\ < d, \lmx\ < e(Rex), 

|Im,^| < e(Re0 and it cos(Rex, Re.^) > iu}, 

Let e > 0, d I, —iKa^ < < < a2 <crj<l and i?i > be sufficiently large. For 
k = 1,2, we denote F'^ = r+(i?i, d, e, ct+) U F~(i?i, e, fj, ). In [13], Gerard and Martinez 
construct some phases ipk G C°°(M^";R) and some symbols tk G C°°(M^") n 5'°(1) satisfying 
the general assumptions of Isozaki and Kitada [23j and the following properties. 

The phases (fk have a holomorphic extension to F'^ and satisfy 

uniformly in F'^. Moreover, A^^.(.,^^) = {ix,dxipk{x, VE^uj))} C A" U A+. 

There exist two symbols a^ix, ^, h) G C°°(M^", C) supported inside F*-' n M^", with 

+ 00 



(5.2) 



such that 



\d^d^^akix,^,h)\ < and afc,,(x, 0| < (x)"^"!"! 

Moreover, for some 6 > with —l<a^—5< + 5 < 1, we have 

(5.3) |9^9f(a,,o(x,0-l)| <(a^)^^-l"l, 
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for (x,^) e r+(2i?i,(i/2,o-+ + 5)ur~(2i?i,(i/2,o-^ -6). Finally, they extend holomorphically 
with respect to X = \x\ and H = |,^| for X in {ReX > 3Ri, \ lmX\ < e(ReX)} and H in a 
complex neighborhood of 1/^. Furthermore, their extensions continue to satisfy estimates 
analogous to the previous ones. 

The symbols tk are then defined by 

(5.4) tfc(x,e» = e-*'^'=(^'«)/'^(P-e')(a,(-,e»e*^'=(-'«)/'^), 
and satisfy, for some e > 0, 

(5.5) \d^dltk{x,C,h)\=0{e-^^^^^^), 

uniformly with respect to h and {x, ^) G r^{2Ri,d/2, e, cj^ + (5) U T^{2Ri,d/2, e, —5). 

Under the assumption |(H4)| Gerard and Martinez [13] have proved that the scattering 
amplitude can be written 

(5.6) A{oJ, uj' , h) = c{z, h)g{uj, uj\ z, h) + /(w, uj' , z, /i), 

where f{io,uj',z,h) has a holomorphic extension in a (fixed) neighborhood of Eq, 

giio, Lo', z, h) = ({Pe - zy^Uie {e^^^^^^'^'^^H^ix, ^zJ, h)) , [/-^(e*'^i(^'^")/'^ti(x, V^a;, h))), 
and 

(5.7) c(z, h) = ■K{2^h)- — z— e-'^^ . 

By assumption, the resonance Zq, is simple for h small enough. Moreover, Theorem 13.11 implies 
that n^^,0 = 0{h-^^) for 9 = i^h\lnh\ and some M > 0. Then Lemma 5.4 of [3] (see also 
Proposition 5.1 of [26] in the case of a well in the island) states that 

TZ := Residue [A{io, to' , z, h), z = z^) 

= - c[z^, h) (u^^^exUieie'^'^^'^'^'y^ix, ^J, h)) , 

xUj^{e''^^'^^'^^yHi{x,V^u,h)))+0{h^), 

where x S C^(M") satisfies l|a;|<2_Ri ^ X ^ l|a:|<3/?i with Rq ^ Ri. In particular, there is no 
distortion (i.e. F = 0) on the support of x and Theorem 14.11 implies 

(5.8) TZ = c(/, e'^''^'^'^^y\h{x, V^co, /i)) (^e''^^^^'^'-'y\t2{x, ^uj' , h)j') + 0{h^), 
where c = —c{za, h)c{h) with c{h) given by (|4.2p . 

5.2. Calculation of {f,e'^^/'^xh)- 

We will calculate the scalar product (/, e*'^^/'*x^i) by the stationary phase method. First, 
we will prove that this quantity has an asymptotic expansion in power of h and then calculate 
the first term using a limit at the origin. We will use arguments close to the ones developed 
in Section [461 or |T1 Section 7]. 

Denote u = e*¥'i(^'V^'^)/'»ai(x, V^w, h) and v = e^M^,y^'^)/ht^^rj.^ V^cj, h). From Theo- 
rem [5T]ii) and (j5.4p . we have 

(5.9) (/, XV) = (/, X{P - z^)u) = {{P - z^)f, xu) + (/, [x, P]u) = - (/, [P, x]u) • 
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Figure 2. The functions x ^^^d X- 

Prom (j5.5p and the choice of X) {P — 'z^)u = microlocally near r~^{2Ri,d/2,af + 6). 
Moreover, since Za has an asymptotic expansion in power of h, we can write, microlocally 
near r+{2Ri,d/2,af + 6), 

where a has an asymptotic expansion in power of h. Note that (suppVx x M") H U^7^ C 
T~^{2Ri,d/2,af + 6). Using Maslov's theory, we can extend the function u near Q, a small 
neighborhood of U^t/ ^ {B{0,3Rq) x R"), such that u is still a solution of (P — 'z^)u = 
microlocally in O. Let x(x,.^) S C°°(T*M") be such that = xi^) out of O (see 

Figure [2]). In particular, (P — 'z^)u = microlocally near the support of x — X- So, we have 

(/, Xv) = - if, [P, Op(x)]n) - {{P - za)f, Op(x - x)^^) + (/, Op(x - X){P - ^h) 

(5.10) =-(/,[P,Op(x)]n)+0(/i-). 

On the other hand, since 1^ = Eq + 0{h), the microsupport of [P, Op(x)]n satisfies 
MS ([P,Op(x)]n) C n suppVx 

c (A-nr-(iii,d,<Tr/2))u(A+nf]). 

Moreover, Theorem 14.11 gives MS(/) C A+. Then, modulo 0{h°°), the non-zero contributions 
to (/, [P, Op(x)]ti) comes from the values of the functions / and [P, Op(x)]'w microlocally 
on the set IJ^t/ (which constitute the intersection of the two microsupports). Let g'^ be 
C^{T*W^) functions with support in a small enough neighborhood of 7^ n (-6(0, 3i?o) x M") 
such that 5^ = 1 in a similar neighborhood. Then, (I5.10p becomes 

N+ 

(5.11) U\xv) = - (/,0p(5/)[P,0p(x)]tx) +0(/i-). 

1=1 

We now compute Op((7^)[P, Op(x)]ti. From Proposition C.l of [T], the Lagrangian manifold 
has a nice projection with respect to x in a neighborhood of any point of 7^ close to (0, 0). 
Then, Maslov's theory implies that u can be written as 

7x(x) =a+(x,/i)e^^?(^)/\ 
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microlocally in such a neighborhood. From the construction of [231 and [13], we see that 

(5.12) ^tixjit)) = xj{t)ij{t) - x+{s)d^V{xj{s)) ds, 

for some > large enough (equal to +oo in the short range case). The symbol has an 
asymptotic expansion a^{x,h) ~ CL^j{x)h^ with a^Q(x^(t)) / 0. Moreover, in the short 
range case. Equation (7.12) of [1] gives 

(5.13) 4,oi4it)) = e'<^l^2^E'^{D+{t))-'2e-*^^^^/^+^-°'\ 

where is the Maslov index of the curve 7^ and D^(t) is the Maslov's determinant 

9x+(t, z, uj) 



det- 



d{t,z) '^=^ 
Moreover, from Section 6 of [1], we know that 

(5.14) D+ = ^lim D+(t)e*(^^^-2^^^), 
exists and satisfies < < +00. So, 

(5.15) Op{gi)[P, Op{x)]u = aiix, h)e'^t(^^/\ 
with 

+00 

S+(x,/i)~5^5+.(x)/ii+^ 
3=0 

and 

(5.16) a^o(^) = -^(fe X}9i){x, d^^)} {x))aj^Q{x). 

Since the support oi g'^{x, C)dx,^x{x,0 is close enough to (0, 0), Theorem 14.1 1 ii;) and (|5.1ip 
imply that 

(5.17) {f,xv) = d(x,/i)S+(x,/i)e*(^+(^)-'^^^(^»/'^(i2; + 0(/i°°). 

e=i 

We proceed now as in (j4.32p . In the support of the symbol a^, the critical points of the 
phase function 93+ — ip^ (i.e. the points x such that dx^+{x) = dxip^{x)) are the points in 
the spacial projection of 7/. Since this intersection A+ n = 7^ is transverse from the 
assumption | (H5) [ the phase ifj^ — ip^ is non degenerate in the directions transverse to ■KxI'i ■ 
Therefore, performing the method of the stationary phase in the orthogonal directions of 
T^xli^ ™ ^4.32p ) and parameterizing the curve ■Kx'^^ by x^{t), (j5.17p gives 

(5.18) {f,xv) = - / fo|(t,/i)e^(^+(^^W)-^?(^^^W))/'^dt + 0(/i°°). 



with bj{t,h) ~ J2j>obtjit)h~^^ and 
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n + l 



n-1 e (^^-it)^ 



6+o(t) = (27r) — -\dtxiit)\doixiit))a+,{xi{t)). 

Since 7^ G A+ n A+, ip^{x^{t)) and '>p^{x^{t)) have the same derivative (with respect to 
t), and ([532]) gives 

f+{x+{t)) - i^+{x+{t)) = / x+{s)d,V{x+{s)) ds = S+, 

J —00 

for all t > 0. Then, combining with (j5.16p . we get 

N+ 

(5.19) if, XV) = Y.e''^/^h'^biih), 

i=\ 

with 6/(/i) ~ J2j>obtjh^ and 

6+o = -i(27r)'^ / — !!^_|9^a;+(t)|(io(x+(t)) 

|det((^+ -^+)| 



(5.20) X al^{x+{t))dtx{xt{t),Ci{t))dt. 

From (I5.10p . (/, x^) does not depend on x, modulo 0{h°°). In particular, changing x in 
a neighborhood of a fixed curve 7/, we obtain that each does not depend on x- From 
Proposition C.l of [1], we have, up to a linear change of variables in M", 

{ip+ - ip+y {x{t)) = diag (Ai,-- - ,Aj(^)_i,0,Aj(£)+i,-- - ,A„) +0(6"^*), 

where j(^) is such that Xj/£\ = . Since x'^{t) = g^'t e^^^ + 0{e^^'i ~^^^^) as expandible symbol 
(see [21 Definition 5.2]), this implies 

(5.21) |det((^+-V/)i .J{xnt)) = { n A,)^+0(e-*), 

(5.22) sgn(^+ - V/)f ^ , (4(*)) = - 1, 

(5.23) \dtxj{t)\ = I A^|A+e^?*(l + 0(e^*)), 

as t ^ — oo. On the other hand, (|4.38p gives 

(5.24) dQ{x+{t)) = (/+)"e^-"*(l + 0(e^*)). 

We first consider the long range case (p > 0). If (fi'^'"'')" = 0, then (j5.20p and (j5.24p imply 
that = 0- We will now prove that 7^ if (5^'^)" 7^ 0. Let T > be sufficiently large 
such that the quantities in (j5.2ip . (j5.22p and ()5.24p do not vanish and (j5.23p holds at t = — T. 
Then, if x{x^{i)) satisfies (9tx(x^(t)) < and has its support close enough to T, the previous 
discussion, a^Q(x^(r)) / and (j5.20p imply that / 0. 
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Let US now consider the short range case {p > 1). Assume that the support of dtx{x^{i)) is 
sufficiently negative. Then, the formula (fOOl) and the estimates (jSTTS]) . (jSUl) . (fOl]) . (f02]) . 
(fOg]) and (fOiD give 

6+0 = -i(2vr)^ ^ rl<^|A|(/'+)"e— ^ -/^E*{Di)-2 / + o(l)) dt, 



where the o(l) does not depend on x- Now, we take a sequence of functions x such that the 
support of dtx{x^{t)) goes to — oo and dtx{x^{t)) ^ (see Figure [2|). Since does not 
depend on x, the previous expression gives 

(5.25) bl, = ^{2.r-^ J gg|A+(/+)"e--^/^4(I^+)-i 



2 < 



5.3. End of the proof of Theorem 15.11 

Following the approach of Section 15.21 one can prove that 

(5.26) (e^^^(^'v^-')/'^xi2(x, V^u;',/i)j) = ^ e^^^- /''/i^d^(/i), 

k=l 

with d^{h) ~ X]j>o'^fcj^"' '^fcj = if ^-i^cl only if {g^~)'^ = 0. Moreover, in the short 
range case, we have 

(5.27) = i(2vr) ^|^^.-|A^(/-)-e-."-/XM^.-)-^. 

Then, combining the representation of the residue given in (j5.8p with the constants given in 
(|4.2p and (j5.7|) . and the scalar products (j5.19p and (|5.26p . we obtain 

TV- N+ 

Residue (^(w, uj\ z, h), z = z^) = ^ ^ afe,^(/i)e*(^fe~+^^^)/'^, 

with ak/{h) ~ Ylj>o^k e^'' '^fc£ ~ ^ ^^^'^ °^iy i^ {g''"~)°'{9^'~^)"' = 0. Moreover, in the 
short range case, (I5.25P and (I5.27P imply 

„-if (|a|-i) „_i . 1 

(5.28) X e-^'^fe"'^/2g-iv+7r/2p-^+)-i(^fc,-)a(^£,+)a| 



6. Large time behavior of the Schrodinger group 



In this section, we prove a resonance expansion for the cut-off Schrodinger propagator. The 
proof relies on the resolvent estimate in Theorem 13.11 and on standard arguments. 
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Theorem 6.1 (Schrodinger group expansion). Assume (H1) - (H3), Let fj, > be different 
from Ei=i("i + -for all a G N". Let x e C^(M") and ip E C^{[Eo -e,Eo + e]) for some 
£ > small enough. Then, there exists K = K{^) > such that 

Xe-^*^/\V(^) = E -xResidue(e-^*^/^(P-z)-\z = z,)xV'(^) 

for all t > 0. In particular, if all the in D{Eo, ^h) are simple, we have 

Za&Kes{P)nD(Eo,nh) 

for all t > 0. Here, Hz^ the generalized spectral projection associated to Za and described 
in Theorem \4.1l 

Remark 6.2. JVote that the previous expansions make sense only for t > ^\lnh\. 

One might think that the resonance expansion holds for shorter times. But, in fact, it is not 
possible to do much better. This follows from the paper of De Bievre and Robert [9] which 
is stated with slightly different hypotheses. In the one dimensional case, they have proved 
that the coherent states propagate through a maximum of the potential for times of order 
1^1 ln/i| and that they stay at (0,0) before. On the other hand, the sum of the generalized 
spectral projections over the resonances appearing in Theorem 16.11 can not be microlocalized 
only at (0, 0) thanks to Theorem 14.11 Thus, if the resonance expansion with a small error 
holds at time t > 0, we have necessarily t > j^\lnh\ in the one dimensional case. If we only 
want to prove that t +oo as /i — > 0, we can more simply apply the standard propagation 
of singularities with an initial data microlocalized in A_ \ {(0,0)}. 

There is also a simplest way to justify this phenomena. Let fi be such that ^ < fj, < 
Ai + X]Aj/2. Then, zq is the unique resonance in D{EQ,ij,h) for h small enough and Zq is 
always simple. Assume that, for some t > 0, we can write 

(6.1) xe-''''/''xHP) = e-^*^«/\n,„x^(^') + R, 

where R is small. The left hand side is of order 1 since the propagator is unitary. On the other 
hand, from Theorem 12 . 1 1 and Theorem l4.1l the right hand side is of order e~*^ 2" . Then, 

(16. ip implies t > j^x I In^l- Remark that this critical time coincides with the one obtained 
by De Bievre and Robert in the one dimensional case. 

The situation is different for the well in the island case which was treated by Nakamura, 
Stefanov and Zworski [33]. In that setting, the cut-off Schrodinger group is well approximated 
by the resonance expansion after a fix time. This is in adequacy with the geometrical inter- 
pretation since a fix time is enough to dispel the part of the initial data which is not localized 
in the well. 



Nevertheless, Gerard and Sigal [14] have proved that the Schrodinger equation with a 
quasiresonant state (sorts of quasimodes) as initial data is always well approximated by the 
resonance expansion for all time t > 0. 

Remark 6.3. When t/\ lnh\ — > +00 as /i — > 0, the sum over the resonances is negligible and 
Theorem\6J\ simply yields xe'^^^^^xi^iP) = 0{h°°). 
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Figure 3. The contours Tj. 



The remainder terms 0{h°°) in Theorem 16 . 1 1 come from the C°° pseudodifferential calculus. 
Thus, if the cut-off functions x, ip are in some Gevrey class, it is perhaps possible to replace 
these remainder terms by 0{e~^ ) for some 6 > 0. In that case, the sum over the resonances 
will dominate the remainders until t is of order . 

Burq and Zworski [6] (see also Tang and Zworski [30] ) have obtained a long time expansion 
of semiclassical propagators in terms of resonances close to the real axis. Their result in the 
present situation gives x^~^^^^^Xi^iP) = 0{h°^) for all t > for some L > 0. 

Proof. Let / G C^([^o - 3e, Eq + 3e]) be such that / = 1 near [Eq - 2e, Eq + 2e]. Then, from 
the pseudodifferential calculus, we get 

-''^'^f{z)xdE,xi^{P) + 0{h^), 



where dE^, the spectral projection, is given by the Stone formula 



dE,, 



1 



— {R^{z)-R^{z))dz, 



-itz 



and R±{z) = (P — z) ^ is analytic for iblmz > 0. Then, 
2m 

Making a change of contour, we obtain 

/= -xResidue(e-**^/'*i?+(z),, 

Za&i.es{P)nD{Eo,lih) 

+ h+l2 + h+h + h + 0{h^ 



l^f{z)x{R+{z) - R.{z))x^{P) dz + 0{h'^ 



(6.2) 
where 

(6.3) 



e-^'^l^f{z)x{R+{z) - R^{z))xi'(P)dz for J = 1,5, 



1 
27ri 



-^'^l\{R+{z) - R.{z))xi^{P)dz 



for j = 2, 3, 4, 



and Ti =] - oo,Eq- 2e], T2 = Eo-2e + i[0, -ixh], = [Eq - 2e, £^0 + 2e] - ijih, = 
Eq + 2e + i[— /x/i, 0] and = [Eq + 2e, +00 [ (see Figure ED . The theorem will follow from the 
estimates on the /j's given below. 
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Figure 4. The cut-off functions /, k and ip. 



• Estimations of Ii and I^. Using that Ti D supp'i/' = 0, there exists g G Cq°(M) such 
that g = I near supp/ n Fi and g = near supptp. Then, by pseudodifferential calculus, 
g{P)X^{P) = Oih"^). Therefore, ([O]) yields 



(6.4) = 

The same way, we get I5 = 0{h'^). 

• Estimations of Is ■ Using Theorem 13.11 for R± , we obtain 



(6.5) 



\h\\ < 



'^*^/'^| ||x(i?+(^) - R-{z))x\\ dz = 0{e-^'h-''). 



• Estimations of I2 and 14. Let 9 = vh\\nh\ be as in Theorem 13.11 and assume that 
the distortion occurs outside of the support of x- Then, xR+{^)x = x{Pe ~ ^)~^X a-^d 
xR-{z)x = x{P-e ~ z)~^x- III particular, we can write 



(6.6) 



/2 = ^ e-*^/\((Pe - z)-i - (P_e - zr')xHP) dz. 



Let k S C^(M) be such that k = 1 near Eq — 2e and A; = near suppV' (see Figure H]). Then, 
for z G F2, 

{P±e - z)-' = {P±e - z)-'k{P) + {P±e - z)-\l - k){P) 

= {p±e - zr^k{p) + {p- zr\i - k){p) 

+ {P±e - zr\P - P^e){P - zr\l - k){P). 

Therefore (|6.6p becomes 

(6.7) i^ = j+-j- + j+-j~^ 

where 



J' 



1 
2tH 



-''''^x{P±e - z)-^k{P)xim dz 



4 = ^ ^ e-'''"'x{P±e - z)-\P - P±g){P - z)-\l - k){P)xi^{P) dz. 
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Since k and V have disjoint support, the pseudodifferential calculus gives k{P)xip{P) = 
0{N^). Thus, Theorem O implies 

(6.8) ||jf||< / \\{P±e-zr^\\\\k{P)xi^{P)\\\dz\=0{h^), 
since Imz < for z G 

On the other hand, P - P±e G and {P - z)~^{l- k){P) G ^^((0^^) uniformly in 

z £T2- Moreover, P — P±q is a differential operator whose coefficients are supported outside 
of the support of x- Then, the microlocal analysis gives 

||(P - P±e){P - z)-\l - k){P)x\\ = 0{h^), 
uniformly in z G Combining this estimate with Theorem 13.11 we get 

(6.9) 4 = Oih^). 

Using (j6.8|) and ()6.9p to estimate (|6.7p . we conclude I2 = 0{h°°). The same way, we have 

Appendix A. Construction of test curves 

In this section, we construct Hamiltonian curves in A_ with a prescribed asymptotic ex- 
pansion at infinity. They are used in Section [H where test functions for the projection are 
built in a microlocal neighborhood of these curves. We will work on A„, but the same work 
can be done in A+. 

Let 7~(t) be a Hamiltonian curve in A_. From |19l Section 3], the curve 7" satisfies, in 
the sense of expandible functions, 

+ 00 A^Mfe 

(A.i) r{t) ~ ^ith 7;,(i) = E 

k=l m=0 

The spectrum of Fp is cr(Fp) = {— A^, . . . , — Ai, Ai, . . . , A,i}. We denote by the spectral 
projection on the eigenspace of Fp associated to —fi. Remark that 

(A.2) Ker(Fp + ^i) ® Im(Fp + fi) = R^"". 

Lemma A.I. Let^~{t) be a Hamiltonian curve in A- . Assume that Xj is such that Xj = a-X, 
a G N", impUes \a\ = 1. Then, Mx. = and 7^^. g G Ker(Fp + Xj). 

Proof. We have dt^~{t) = Hp{'y~{t)). Taking the Taylor expansion of Hp at 0, we get 

(A.3) da-{t) = Fp{j-{t)) + G2(7-(t)) + • • • + GKirit)) + 0(e-(^^+^)*), 

where is a polynomial of order k and K > Xj/Xi. Since Xj can not be written as the sum 
of at least two terms ni, the cross products in the previous formula provide no term of 
the form e"'^-'*. Then, 

m=0 m=0 
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(A.5) 



which can be written 

r (Fp + A,)7,-. ™ = foTm = Mx^ 

I (Fp + X,hx„m = i^ + ^hx„m+i for < m < M^^. 
If Mx- > 1, the previous equation, together with ()A.2p . gives a contradiction. Thus, Mx^ = 
and 7;^^ G Ker(Fp + Xj) from (jA.Sp . □ 

We begin the construction with the foUowing formal result. 

Lemma A. 2. If 7^ q G Ker(Fp + Aj) for aJi j G {!,..., n}, tiien tJiere exists a formal 
Hamiltonian curve 7" of the form (jA.ip such that 

(A.6) Vj G {1, . . . , n} n;,^ (7^- ,0) = 7a,,o- 

Proof. We construct the coefficients 7"^ inductively. Using the Taylor expansion of Hp at 
as in ()A.3p . one can see that it is enough to find 7"^, A; > 0, such that 

(A.7) Yl -^'^^t;,,^^*"^ + m7;„„.r-' = E Pp(^i^,,m)t"' + E ^z^--*'"' 

m=0 m=0 m=0 

where the Rf_if.,m depend only on the 7"^ for £ < k. Assume that the 7"^ have been chosen to 
satisfy (|A.7p for all /.i^ < Hk and (|A.6p for all Xj < ^ik- 

If //fc ^ {Ai, . . . , A„}, then it is enough to take M^^ = N^^ , 
and, for < m < Af^^., 

If //fc = Xj for some j, then we take M^,, = A'^,, + 1 and 



7^,,o = 7a„o - ^A, (l - nAji?^,,o. 

Here, /^Ta^. is the inverse of the map Fp + Xj : Im(Fp-l-Aj) — > Im(Fp-|- Aj). With these choices, 
(|A.6P and ()A.7p are always verified. □ 

Proposition A. 3. Ifjx ^ Ker(Fp + Aj) for aJ] j G {1, . . . , n}, then there exists a Hamil- 
tonian curve 7~ G A_ such that 

Vj G {!,..., n} nA^,(7- q) =7- Q. 



Proof. Let 



/ij.<A'' m=0 
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where the 7"^ ^ are given by Lemma [A . 2 1 and N wih be fixed ulteriorly. Since ()A.7p is verified 
for all fik !^ we have 

dtp{t) = HMt)) + m, 

with R{t) = 0{e~^^~^'^^^). We seek a solution of the form 7"(t) = p{t) + r{t). Then, r must 
satisfies 

(A.8) dtr = Hp{p + r) - Hp{p) - R. 

Let Tat > be such that \R{t)\ < e"^* and \p{t)\ < 1 for ah t>TN. We define inductively 
rj{t) by 

ro{t) = 

/+00 
{Hp{p + rj)-Hp{p)-R){s)ds. 

Lemma A. 4. For N large enough, the functions {rj)j>Q exist on [T/v,+oo[ and 
(A.IO) \r,{t)\ < e-^\ 

for all t > Tj\f. 



(A.9) 



Proof of Lemma A.J^. Define 

(A.ll) Ci = sup \dHp{u)\. 

\u\<2 

We will prove the lemma inductively. First, rg satisfies (lA.lOp . Assume now that r^-i exists 
on [TAr,+oo[ and verifies (1A.10|) . In particular, |rj_i(t)| < 1 for t > Tn- Then, (lA.Op gives 

/+00 
{\Hp{p + rj^i)-Hp{p)\ + \R\)ds 

/+00 r+00 
{Ci\rj_i\ + \R\)ds < {Ci + l)e~^'ds 

(A.12) < ^e-^\ 

for t > Tj\f. Therefore, if > Ci + 1, satisfies (jA.lOp and the lemma follows. □ 
Lemma A. 5. For N large enough, we have 

(A.13) Ir^^^^t) - r,{t)\ < 



2J 



for j > and t > T/v . 



Proof of Lemma 1^ . 51 For j = and N large enough. Lemma IA.4I gives \ri{t) — ro(i)| 
< e^^*. Assume that ()A.13P holds for some j — 1 > 0. Using ()A.9p . we get 

/+00 
\Hp{p + rj) - Hp{p + rj_i)| ds 



+00 f+oo p—Ns 



<Ci I \rj - rj_i| ds<Ci / -^^j—^ ds 



(A.14) < ?^£:^, 
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Then, for N > 2Ci, (|A.13p holds and the lemma follows. □ 

Lemma A. 6. For N large enough, there exists r G C°°([Tjv, -|-oo[) such that 
i) for t > T]\f, we have \r{t)\ < e~^*, 
a) for all j > 0, 

~ '^)IL°°([rjv,+oo[) - 
in) the curve 7" = p + r satisfies dt^~ = Hp{j~). 



Proof of Lemma \A.(k Using standard arguments, Lemma IA.5I provides us with a function 
r G C''([T/v, +oo[) satisfying ii). Then, part i) follows directly from Lemma [A .41 On the 
other hand, 

/+00 
[Hp{p + r,) - Hp{p) -R)- {Hp{p + r) - Hp{p) - R)ds 

/+00 r+ca 
\Hp{p + rj) - Hp{p + r)\ds < Ci\r 



< I \Hr,(p + rj) — Hp{p + r)\ds < J Ci\rj — r\ds 

< Ci2^~^ / e"^^ds < ^2^-1 0, 
~ Jt ~ N 

as j — > +00. Then, taking the limit j — > +00 in ()A.9p . we obtain 

/+CO 
{Hp{p + r)-Hp{p)-R){s)ds. 

Thus, r e C°°{[Tn, +oo[) and 7" = p + r satisfies dtj' = Hp{-f-). □ 

To finish the proof of Proposition I A. 31 we impose in addition that A„ < N. Then, the func- 
tion 7~ of Lemma lA.6l is a Hamiltonian curve in A_ and, since r{t) = o(e~'*'"*). Lemma lA.21 
assures that 11;^^, (7^, g) = 7-5^ g for all j G {1, . . . , n}. □ 
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